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Preface

The surveys of physics which I have endeavoured to give on several occasions during recent years, are now collected in chronological order in the following pages.Since it was my intention that the essays should reach a wider circle of readers in due time, I am now publishing them in an almost unaltered form without much fear of seriously contra­dicting myself, at least on physical questions. With regard to my occasional references to psychology, my own views have been accepted in certain circles, but they have been severely criticized in others. I do not intend to reply to the criticisms here, but I would ask my critics not to consider that due to inability or contempt. Perhaps an opportunity will present itself elsewhere.T h e  A u t h o r
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A  Survey o f  Physical Theory





The Unity of the Physical 
Universe

In endeavouring to claim your attention for a short time, I would remark that our science, Physics, cannot attain its object by direct means, but only gradually along numerous and devious paths, and that therefore a wide scope is provided for the individuality of the worker. One works at one branch, another at another, this one applies one method, that one another, so that the physical universe with which we are all concerned appears in different lights to different workers. Still, I hope to be able to claim your interest when I attempt to pre­sent to you the leading features of the physical universe as I see it in the observations and experiments at my disposal, and as it will probably be developed in the future.IAs long as Natural Philosophy exists, its ultimate highest aim will always be the correlating of various physical observations into a unified system, and, where possible, into a single formula. For this, two different methods are available, methods which are often at variance with one another, but which more fre­quently mutually correct and assist one another, particularly when applied to the same purpose by one investigator. The earlier method considers isolated observations easily general­ized, and places a single conception or theorem in a central position, and then tries to include in it, with more or less success, all the manifestations of Nature. It was in this way that Thales von Milet, Wilhelm Ostwald, and Heinrich Hertz placed water, energy, and the principle of the most direct path respectively in the central position of the physical universe in which all physical facts are related and find an explanation.1



2 The other method is more circumspect, less assuming and more reliable, but for a long time it had not the force of the first method, and so did not come into its own until much later. It renounced provisionally all claim to finality, and at first only followed those lines which appeared to have been completely established by direct experiment, leaving their further exten­sion to later investigators. The best example of this is found in Gustav Kirchhoff’s well-known statement of the function of mechanics, namely, that it is a description of all known motions. Each method supplements the other, and in no case can physical research ignore either.However, I do not wish to talk to you about these duplicate methods of science. I would rather direct your attention to the more important questions as to whither these individual methods have led us, and to what goal they are likely to lead us. That physics in its development has really advanced, that we have learnt to know Nature appreciably better each decade cannot be seriously denied to-day by anybody. This is proved by a glance at the constant increase in the number and signifi­cance of the methods employed, methods which man investigates in order to make use of Nature for his own ends. But in what direction does this advance proceed as a whole? How far can we say that we are actually approaching the goal we seek, namely, the unified system? The answers to these questions must be of the greatest importance to every physicist who studies the progress of his science. When we are in a position finally to answer them we shall also be in a position to consider the broader question, much discussed to-day, as to what is the fundamental meaning of the so-called physical universe to us. Is it merely a practical, though fundamentally arbitrary, crea­tion of our imagination, or are we forced to the opposite concep­tion that it reflects real natural phenomena independent of us?In order to realize in what direction the extension of physical science is moving, there is only one method of procedure. The conditions prevailing to-day must be compared with those of an earlier time. One asks further, what external criterion is possible in order to give the best characteristic of the state of develop­ment of a science? I can suggest nothing more general than the



3manner in which a science defines its fundamental conceptions and classifies its various branches. For the latest and most mature results of research must be embraced in rigid and con­venient definitions, and by a suitable classification of subjects.Let us now consider how physics has fared in this connection. We perceive at once that physical research in all its branches deals with practical requirements, or with particularly striking phenomena. The initial classification of physics and the designa­tion of its individual branches are decided according to the point of view taken. Thus geometry arose out of geography or land surveying, mechanics from engineering, acoustics, optics, and heat from the respective sense-perceptions, electricity from the remarkable results obtained by rubbing amber; and the theory of magnetism from the striking properties of iron ore found near the town of Magnesia. Thus the physiological ele­ment affects all physical definitions if all our observations be associated with our sense-perceptions; in short, the whole range of physics, its definitions as well as its entire structure, bears, in a certain sense, an anthropomorphous character.How different from this is the picture which modern theo­retical physics presents to us! First of all, the whole gives us a much more uniform impression, the number of different divi­sions has been considerably diminished as the allied branches have been fused together. Thus acoustics is completely ab­sorbed in mechanics, magnetism and optics in electro-dynamics, and these simplifications are accompanied by a striking sever­ance from the human elements in all physical definitions. What modern physicist thinks of rubbed amber when considering electricity, or, when dealing with magnetism, thinks of the small Asiatic town where the first natural magnet was found? Further, the sense-perceptions have been definitely eliminated from physical acoustics, optics, and heat. The physical defini­tions of sound, colour, and temperature are to-day in no way associated with the immediate perceptions of the respective senses, but sound and colour are defined respectively by the frequency and wavelength of oscillations, and temperature is measured theoretically on an absolute temperature scale corre­sponding to the second law of thermo-dynamics, or, in the



4kinetic theory of gases, as the kinetic energy of molecular motion. In practice it is measured by the variation in volume of a thermometric substance, or by the deflection of a bolometer or thermocouple. It is in no way described as a feeling of warmth.Exactly the same considerations apply to the conception of force. Originally, the word force without doubt referred to human force, corresponding to the use of men or beasts to work the first and oldest machines—the lever, the pulley, and the screw. This proves that the conception of force was derived at first from the sense of strength and muscle, that is, that it was a specific sense-perception. In the modern definition of force, however, the sense-perception is eliminated even as is the sense of colour from the definition of colour.Originally, all branches of physics were more or less united through being associated with the senses. The elimination of the specific sense-element, however, was sufficient to break down the connecting bonds and divide these into several distinct branches, in direct contrast to the general tendency towards unity and assimilation. The theory of heat offers the best example of this process. Formerly heat constituted a certain well-defined single branch of physics, characterized by the sense of warmth. In all text-books of physics dealing with heat, we now find an entire sub-division— namely, heat radiation—is set apart and considered with optics. The significance of the sense of warmth is no longer sufficient to hold together the heterogeneous parts. Furthermore, one part is given to optics, i. e. electro-dynamics, and the other to mechanics, in particular, the kinematic theory of matter.Looking back over the preceding, we may say briefly that the feature of the whole development of theoretical physics, up to the present, is the unification of its systems which has been obtained by a certain elimination of the anthropomorphous elements, particularly the specific sense-perceptions. Seeing, however, that the sensations are acknowledged to be the start­ing-point of all physical research, this deliberate departure from the fundamental premises must appear astonishing, if not paradoxical. Yet there is hardly a fact in the history of physics



5so obvious now as this, and, in truth, there must be undoubted advantages in such self-alienations.Before we examine further this important point, we will direct our attention from the past and present to the future. Into what groups will physics be split up in years to come? At present there are two large divisions, namely, mechanics and electro-dynamics, or, as they may also be called, physics of matter and physics of the ether. The former includes acoustics, heat, and chemical phenomena; the latter embraces magnetism, optics, and heat radiation. Are these divisions final? I think not, since the line of demarcation between the two cannot be exactly determined. For example, do the phenomena of light emission belong to mechanics or to electro-dynamics; and in which category may the laws of motion of electrons be placed? Per­haps at first sight one would say they belong to electro-dynamics, since in the theory of electrons ponderable matter plays no part. But let attention be directed simply to the motion of free elec­trons in metals. There it will be found, from a study of the investigations of H . A . Lorentz, that the laws themselves fit in far better with the kinetic theory of gases than with electro­dynamics. Above all, it appears to me that the original differ­ence between ether and matter is gradually disappearing. Electro-dynamics and mechanics are not nearly so distinct as is usually assumed in many places, and there is already some talk of a division into opposing camps of mechanical and electro­dynamical views of the universe. As fundamental in mechanics we need principally the conceptions of space, time, and motion, and it may be denoted by matter or condition. The same funda­mentals are equally necessary to electro-dynamics. A  slightly more generalized view of mechanics might thus allow it to include electro-dynamics, and, in fact, there are many indica­tions that these two divisions, which are already encroaching upon one another, will be joined in one single general scheme of dynamics.I f  the difference between ether and matter is overcome, on what definite grounds will the division of the system of physics be made? As we have seen above, the removal of this difference is the whole aim of the extension of science, and it is necessary



6that we consider more particularly the characteristics of physical principles before proceeding further.IITo this end, I would direct your attention to that point from which the first step was taken towards the actual realization of the unified system of physics, up to then only postulated by philosophers— I mean to the Principle of Conservation of Energy. For the conception of energy, as well as the conceptions of space and time, is common to all the different regions of physics. Now, as I observed before, it will be clear, almost self- evident, to you that before its general enunciation by Mayer, Joule, and Helmholtz, the principle of energy originally had an anthropomorphous nature. It began with the knowledge that no one can do useful work out of nothing; and this knowledge was born of the observations gathered in the search for a solu­tion of a technical problem—the discovery of perpetual motion. Thus perpetual motion became of as far-reaching importance in physics as the philosopher’s stone in chemistry, though the advantages to science were derived from the negative rather than from the positive results of the experiments. To-day we talk of the principle of energy without any reference to the human or the technical point of view. We say that the total energy of an enclosed system of bodies is a quantity whose value cannot be increased or decreased by any reactions within the system. We no longer think of making the validity of this theorem dependent upon the refinements of methods which we possess at present to get experimental proof on the question of perpetual motion. In this generalization, which cannot be rigidly proved, but which forces itself upon our attention, lies the above-mentioned emancipation from the anthropomor­phous elements.While the principle of energy stands before us as a complete, self-contained picture, freed from and independent of the vicissi­tudes of its development, this is by no means the case, to the same extent, with that principle introduced into physics by R . Clausius as the Second Law of Thermo-dynamics. Indeed, the fact that this theorem has not yet been completely estab-



7lished gives it a particular interest in present-day discussions. The second law of thermo-dynamics still retains a particularly anthropomorphous character in current criticism. There are several distinguished physicists who connect the question of its validity with the inability of men to penetrate the molecule and make it similar to Maxwell’s demon, which, without doing work, can separate the more rapid from the slower molecules of a gas merely by well-timed movements backwards or forwards on a small path. One need not be a prophet to be able to predict with certainty that the kernel of the second theorem has nothing to do with human ability, and that its final presentation must and will follow in a manner which bears no relation to the feasibility of performing any natural processes through human agency. I hope that the following discussion will contribute to this emancipation of the second law.Let us next examine more closely the meaning of the second law, and its relation to the principle of energy. While the principle of energy limits natural phenomena in that it never permits energy to be created or destroyed, but only transformed, the second law increases the restraints in that it only permits certain kinds of transformations, and those only under certain conditions. Thus mechanical work can be transformed into heat without more ado; for example, by friction, but the converse is not true. Were the latter possible, then the heat of the earth, of which an unlimited supply is available, could be applied to drive a motor, and this would give the double advantage of using this motor as a refrigerator, since it would cool the surface of the earth.On account of the practical impossibility of such a motor, which would be a case of perpetual motion of the second class, it necessarily follows that there are phenomena in Nature which cannot be made completely reversible. If, for example, friction, by means of which mechanical work can be transformed into heat, could be made completely reversible in some manner by means of some complicated apparatus, then this apparatus would be another example of the motor mentioned above— a case of perpetual motion of the second class. This is immediately evident if one considers what the apparatus would perform—



8a transformation of heat into work without any intermediate variations. Let us call an operation, which cannot completely be made to go backwards in any way, an irreversible process, and all remaining operations reversible processes, we then get straight to the kernel of the second law of thermo-dynamics if we say that there are irreversible processes in Nature. Accord­ingly the changes in Nature have a definite direction. The world takes a step forward with every irreversible process, and this step can in no circumstances be completely retraced. In addi­tion to friction, the following are examples of irreversible proc­esses: Conduction of heat, diffusion, conduction of electricity, emission of light and heat rays, atomic disruption of radioactive substances, etc. Examples of reversible processes, on the other hand, are: Movements of planets, free fall in a vacuum, undamped oscillations of a pendulum, propagation of light and sound waves without absorption and refraction, undamped electrical oscillations, etc. All these operations are either periodic in themselves, or completely reversible by means of suitable apparatus, so that there is no change in the final state; for example, in the free fall of a body, by projecting it upwards with the velocity due to the fall, it will rise to its original height; and in the case of light or sound waves, by complete reflection at suitable surfaces.Now what are the general characteristics of irreversible processes, and what is the general quantitative measure of irreversibility? These questions have been answered in many different ways, and the study of their history offers a specially interesting insight into the typical method of development of a general physical theory. Just as, originally, the principle of energy was arrived at as a result of the technical problem of perpetual motion, so also another technical problem, that of the steam engine, brought out the differences between reversible and irreversible processes. Sadi Carnot himself realized (al­though he made use of a theory of heat which has since been disproved) that the irreversible processes are less efficient than the reversible, or that in an irreversible process a certain amount will be wasted when converting heat to mechanical work. What more natural than to adopt as a measure of the



9irreversibility of a process the quantity of mechanical work lost? In a reversible process the amount of work definitely lost will then be nothing. This method of presentation has proved itself useful in certain special cases—for example, in isothermal processes, and is still of use at the present day. For general purposes, however, it has been shown to be unusable and even misleading. This is due to the fact that the amount of work lost in any particular reversible process cannot be definitely stated when the source of energy, which should have supplied this work, has not been particularized.An example will make this clear. The conduction of heat is an irreversible process, or, as Clausius expresses it, heat cannot pass from a cold to a hot body without compensation. What is the work which is definitely lost when the (small) quantity of heat Q  passes by direct conduction from a hot body, tempera­ture T 1, to a cold body, temperature T 2? To answer this ques­tion we use the so-called heat transmission theory in order to introduce a reversible Carnot cycle between the two bodies as heat containers. It is known that thereby a certain quantity of work is obtained, and this amount of work is what we require, for it is lost even in the direct transmission of heat by conduc­tion. However, this amount of work has no definite value until we know whence the work was derived, whether from the hot body, cold body, or from some other source. It might be thought that the heat given out by the hot body during the reversible cycle is not equal to that taken up by the cold body, since a certain amount of heat is transformed into work. With equal justification, the quantity of heat Q  transmitted by direct conduction may be identified with the heat given out by the warm body or with that taken up by the cold body. According to whether the first or second alternative is adopted, the amount of work lost in the conduction is— or Clausius realized this uncertainty, and therefore generalized the simple Carnot cycle by assuming a third heat container whose temperature is quite undetermined, and accordingly
.



10yields an unknown amount of work. * We see, therefore, that the attempt to consider the irreversibility of a process mathemati­cally does not in general succeed, and, at the same time, we see the particular reasons for its failure. The question has been too anthropomorphically set. It is too closely connected with human needs to give us an expression for useful work. I f  one wishes to obtain a definite answer from Nature one must attack the question from a more general and less selfish point of view. We will now endeavour to do that.Let us consider any ordinary process in Nature. This brings all bodies concerned from an initial state A  to a final state B. The process is either reversible or irreversible, a third alterna­tive is not possible. Whether reversible or irreversible it depends simply and solely on the initial and final conditions and not on the intermediate states. The answer to the question will depend on whether, having once attained the state B, a complete return to A  can or cannot be accomplished in any way. I f  a complete return from B to A  is not possible, and the process therefore is irreversible, then the state B can evidently be expressed in terms of a certain characteristic of the state A . Years ago I took the liberty of describing it thus— that Nature has a greater predilection for the state B than for the state A . From this point of view, Nature does not permit those processes for whose final states she has a less predilection than she has for the initial states. Reversible processes are limiting cases. In them Nature has as much liking for the initial as for the final state, and the transition between them can be made arbitrarily in either direction.Now it behoves us to seek a physical quantity whose value can serve as a general measure of Nature’s predilection for any state. This quantity must be such that it must be defined imme­diately by the condition of the system under consideration, without necessitating any knowledge of the previous history of the system, as is the case with energy, volume, and other characteristics. These quantities would possess the peculiarity that they would be increased in all irreversible processes,* R . Clausius, “ Die mechanische Wärmetheorie, ”  2nd E d ., V ol. I , p. 96, 1876.



11whereas they would remain unchanged in all reversible proc­esses, and the change caused by a process would provide a general measure of the irreversibility of the process.R . Clausius actually discovered this quantity, and called it 
Entropy. Every system of bodies has in every state a certain entropy, and this entropy denotes Nature’s predilection for that particular state. Whatever takes place within the system the entropy can only increase. It cannot decrease. I f  processes be considered involving effects due to bodies outside the system, those bodies must be considered as belonging to the system, and then the theorem in the above form still holds. Thus the entropy of a system of bodies is simply equal to the sum of the entropies of the individual bodies, and the entropy of a single body is found, after Clausius, by means of a certain reversible cycle. Conduction of heat into a body increases its entropy by an amount equal to the quantity of heat introduced divided by the temperature of the body: simple compression, on the other hand, does not alter the entropy.To return to the above-cited example of a warm body tem­perature T 1, cold body temperature T 2, and a direct conduction of heat Q ,  then, according to what we have already said, the entropy of the hot body is decreased in the process, whereas the entropy of the cold body is increased, and the sum of both changes, i. e. the change of total entropy of both bodies is—
This positive quantity gives, independently of all arbitrariness, a measure of the irreversibility of the process of heat conduction. Such examples can naturally be multiplied indefinitely. Every chemical process contributes to them.The Second Law of Thermo-dynamics, with all its extensions, has become the Principle of Increase of Entropy, and you will now understand why, in considering the question earlier, I laid such emphasis on the very important part that would be played by reversible and irreversible processes in the physics of the future.In fact, all reversible processes, occurring in matter, ether, or



12both, show a much greater resemblance one to another than to any irreversible process. The consideration of the differential equations which govern them demonstrates this. In the differen­tial equations of reversible processes the time differential always occurs in even powers only, corresponding to the condition that they are independent of the sign of the time. This holds equally for the oscillations of a pendulum, for electrical oscilla­tions, sound and light waves, as for motions of particles and electrons, if all damping is excluded. To this class belong infinitely slow processes in thermo-dynamics which entail several equilibrium conditions in which time plays no part at all, or, otherwise expressed, appears to the power zero, and as such can be considered as an even power. All these reversible processes have the common property also, as Helmholtz has shown, that they can be completely represented by the Principle of Least Action, which gives the same answer independently of the path pursued, and, so far, the theory of reversible processes can be considered as completely determined. Reversible proc­esses have the disadvantage that they, all and sundry, are ideal. In Nature there is not a single reversible process, since every natural operation more or less involves either friction or con­duction of heat. The principle of least action is no longer applicable when dealing with irreversible processes, for the principle of increase of entropy introduces into physics an entirely new element foreign to the principle of least action, and which claims special mathematical treatment. The constant trend towards a fixed final state corresponds to this entropy principle.I hope that the above considerations will have sufficed to make it clear that the difference between reversible and irrever­sible processes lies much deeper than that between mechanical and electrical processes. Therefore this contrast may, with more accuracy, be made the most convenient basis for partition of all physical phenomena, and may play the chief part in the physics of the future.And yet the classification outlined needs to be improved materially. For it cannot be denied that, in the form discussed, physics is still permeated with strong doses of anthropomorphism.



13In the definition of irreversibility, as in that of entropy, refer­ence was made to the feasibility of certain changes in Nature, and that means fundamentally nothing more than making the division of physical phenomena dependent upon the ability to carry out experiments. These experiments will surely not always remain on the same level, but will always become more and more complete. I f  the difference between reversible and irre­versible processes has a permanent meaning for all time, it must be deepened and made independent of human ability. How this can be done will be described below.I I IThe original definition of irreversibility, as we have seen above, has the serious defect that it assumes a certain limit to human knowledge, whereas actually no such limit can be proved to exist. O n the other hand, man makes every effort to extend the present limits of his powers, and we hope that, later on, much may be accomplished that to-day seems im­possible. May it not happen that a process, considered up to the present to be irreversible, will prove to be reversible as a con­sequence of some new discovery or invention? The whole fabric of the second law of thermo-dynamics would then certainly collapse, for the irreversibility of one single process involves that of all the rest, as may easily be shown.Let us take a concrete example. The very remarkable rapid movements, easily seen with a microscope, which small particles, suspended in a liquid, undergo—the so-called Brownian move­ment—is, according to the latest researches, a direct result of the continuous impact of molecules of the liquid on the particles. If, by means of very refined apparatus, but without expenditure of work, it were possible to influence the individual particles so that the disorderly movement becomes an orderly one, then, without doubt, it would be possible to transform part of the heat of the liquid into perceptible, and, therefore also, usable active force. Would not this contradict the second law of thermo-dynamics? I f  this could be done, the law would cease to rank as a principle, since its validity would depend on the advancement of experimental technique. Hence the only



14method of assuring the position of the second law is to make the conception of irreversibility independent of experiment.The conception of irreversibility brings us back to the con­ception of entropy, for a process is irreversible if it is associated with an increase of entropy. Hence the problem resolves itself into finding a more suitable definition of entropy. According to Clausius’s original definition, entropy is measured by a certain reversible process, and the weakness of this definition is due to the fact that many such reversible processes—indeed, all of them fundamentally—are impracticable. It might be argued with a certain amount of accuracy that this is hardly a question of actual experiments and an actual physicist, but of ideal processes, so-called ideal experiments and an ideal physicist, who applies all experimental methods with absolute accuracy. But this involves a further difficulty. How far can these ideal measurements by the ideal physicist be said to exist? That it is possible to compress a gas with a pressure equal to the pressure of the gas, and to heat it from a heat container whose tempera­ture is equal to that of the gas, can be understood if suitable extensions of limits be assumed. But it must appear doubtful that, for example, saturated steam can be liquefied by iso­thermal compression along a reversible path without destroying the homogeneity of the substance, as is assumed in certain thermo-dynamical investigations. Much more striking is the trust displayed in ideal experiments by the theorist in physical chemistry. With his semi-permeable membranes which can only be realized in practice under certain quite special circum­stances, and then only to a certain approximation, he separates along reversible paths not only all kinds of molecules, whether in a stable or unstable condition, but separates the oppositely charged ions from one another and from undissociated mole­cules. He ignores both the enormous electrostatic forces which oppose such a separation, and the circumstance that, in prac­tice, at the commencement of the separation of the molecules the ions are partly dissociated and partly reunited. Such ideal processes are, however, very necessary to compare the entropy of the undissociated molecules with that of the dissociated molecules. Indeed, it is almost marvellous that all these bold



15ideas have been verified so well by experience. I f  one considers, however, that in all these results there is no question of the actual feasibility of these ideal processes—the relations con­sidered involving only directly measurable quantities such as temperature, wavelength, etc. —then it cannot be proved that introducing ideal processes as above takes us far afield. Neither can it be proved that the real meaning of the principle of increase of entropy, with all its consequences, can be fully dis­sociated from the original conception of irreversibility and from the impossibility of perpetual motion of the second class, just in the same way as the principle of conservation of energy cannot be dissociated from the impossibility of perpetual motion of the first class.Let us proceed another step. To complete the emancipation of the conception of entropy from human experimental methods, and thereby create a real principle of the second law, was the life-work of Ludwig Boltzmann. Briefly it consists in making the conception of entropy depend upon that of probability. Thus the meaning of the word I used above is explained, namely, the 
predilection of Nature for a certain state. Nature prefers more probable to less probable states, in that all natural processes tend to the formation of states of greater probability. Heat flows from a body of high temperature to a body of lower temperature, because the state of equal temperature is more probable than a state of unequal distribution of temperature.The calculation of a certain measure of probability for every state of a system of bodies has been rendered possible by the introduction of the atomic theory, and of statistical methods. To determine the mutual action of individual atoms the known laws of dynamics, mechanics, and electro-dynamics can be used unaltered.In view of these considerations the second law of thermo­dynamics is ousted immediately from its isolated position, the mystery of Nature’s predilection vanishes, and the entropy principle, bound up with the introduction of the atom into physics, becomes a well-established theorem in probability.Now it is not to be denied that this step towards unification has been accompanied by many sacrifices. The principal sacrifice



16is that we are denied the complete answer to all questions relating to details of operations in physics, but this is a direct consequence of employing statistical methods. For example, in the calculation of mean values we do not consider individual elements of which they are composed.A  second serious disadvantage appears to lie in the introduc­tion of two different sorts of causal relations between physical states. O n the one hand, absolute necessity; on the other, mere probability of their interdependence. I f  a heavy liquid at rest sinks to a lower level, a necessary consequence, according to the principle of the conservation of energy, is that it can only be put in motion—i. e. acquire kinetic energy—if its potential energy is decreased, that is, its centre of gravity lowered. However, it is only extremely probable, and not absolutely necessary, that a warm body give up its heat to a cold body in contact with it, for it is possible to devise special arrangements and velocity conditions of the atoms such that the converse could happen. From this Boltzmann has deduced that such peculiar phe­nomena which contradict the second law of thermo-dynamics could occur in Nature, and had therefore allowed room for it in his conception of the physical universe. In my opinion there is no need to follow him here. For a universe in which things can happen such as the return flow of heat into a hot body, or the separation of two interdiffused gases, would not be the same as our universe. So long as we are only dealing with the latter it will be more profitable to neglect such exceptional operations, and to look for the general condition, and make natural assump­tions excluding from the beginning all phenomena which are contrary to experience. Boltzmann himself has formulated such a condition for the theory of gases. To state it quite generally, it is the hypothesis of elementary disorder, or, briefly expressed, the assumption that individual dements, with which statistics deals, are completely independent of one another. The introduction of this condition establishes again the necessity of all natural occurrences. According to the laws of probability, a direct con­sequence of the fulfilment of this condition is an increase of entropy, so that the essence of the second law of thermo­dynamics can be described as the principle of elementary



17disorder! Thus enunciated, the principle of entropy is as little likely to lead to contradiction as is the law of probability, which is founded on strictly mathematical bases.In what way is the probability of a system related to its entropy? This can be deduced simply from the theorem that the probability of two systems independent of one another is equal to the product of the probabilities of the two systems (W = W 1W 2). The entropy, however, is represented by the sum of the entropies (S =  S 1 + S 2). Therefore the entropy is proportional to the logarithm of the probability (S = K  log W). This theorem leads on to a new method, far more extensive than those of ordinary thermo-dynamics: a method of calculating the entropy of a system in a given state. Thus the definition of entropy applies not only to conditions of equilibrium, as is almost universally the case in ordinary thermo-dynamics, but also to any dynamical state, and for the calculation of entropy it is no longer necessary to introduce (as Clausius had to do) a reversible process, the reality of which always seemed more or less doubtful, but this makes one independent of all human technique. Anthropomorphism is eliminated, and thus the second law of thermo-dynamics set upon a real base just as was the first.The utility of the new definition of entropy has been illus­trated not only in the kinetic theory of gases, but also in theory of the radiation of heat, since it has led to the establishment of laws which agree very well with experiment. That radiant heat possesses entropy follows from the fact that a body emitting heat rays loses heat, and therefore its entropy decreases. But since the total entropy of a system can only increase, part of the entropy of the whole system must be contained in the heat radiated. Hence every monochromatic ray has a certain temperature depending only on its brightness. It is the temperature of a black body which emits rays of the requisite intensity. The chief difference between the theory of radiation and the kinetic theory is that in radiating heat, the elements, the disorder of which defines their entropy, are not merely atoms as in gases, but the extremely numerous harmonic oscillations, of which every homogeneous radiation, such as light and heat rays, must be composed.



18For the laws of heat radiation in free space, it must be pointed out that the constants involved, analogous to the gravitation constant, are of a universal character, since they are indepen­dent of any special substance, or any special body. Thus they can be used to determine units of length, time, mass, and tem­perature, and these units must necessarily retain their meaning for all time and for all extra-terrestrial and superhuman kulturs. It is known that this does not, by any means, hold for our ordinary weight units. Though these are usually described as absolute units, it must be borne in mind that they bear special relation to our present terrestrial life. The centimetre is derived from the present circumference of our planet, the second from its time of rotation, the gramme from water as the principal constituent of the earth’s surface, and temperature from the characteristic points of water. The former constants, however, are such that the inhabitants of Mars, and indeed all intelligent beings in our universe, must encounter at some time—if they have not already done so.I wish to point out here a most remarkable theorem on the nature of entropy, arising out of its being bound up with prob­ability. It is known that the theorem used above, which states that the probability of two systems is equal to the product of the probabilities of each system, holds only when the two systems are independent of one another from the point of view of prob­ability. When that is not so the probability is different. There­fore, we may presume that in certain cases the total entropy of two systems is different from the sum of the entropies of the two systems separately. That such cases actually occur in Nature has been proved by M ax Laue. Two wholly, or partially, 
coherent light rays (which are emitted from the same source), are not, in the meaning of probability, independent of one another, since the oscillations of one ray are to some extent determined with those of the other. A  simple optical arrangement can actually be set up, by means of which two coherent rays of any temperatures can be directly transformed into others having a greater temperature difference. Therefore Clausius’s funda­mental theorem, that heat cannot flow from a cold to a hot body without compensation, does not hold for coherent heat rays.



19But the principle of the increase of entropy still holds good in this case. The entropy of the original rays is not, in this case, equal to the sum of the entropies of the separate rays, but is less.*Similar considerations obviously apply to the question, already referred to, as to the ultimate transformation of the Brownian molecular movement into useful work. For any apparatus designed to direct and order the individual moving particles (whether technically practicable or not), will, as soon as it functions, be in a certain sense coherent with the movement of the particles. Therefore it would in no way contradict the second law if useful kinetic energy arose from its working. It is only necessary to bear in mind that the entropy of the molecular movements is not to be merely added to the entropy of the machine.Such considerations show how carefully we must proceed when estimating the entropy of any system from the entropies of its constituents. It is strictly necessary, when dealing with any part of a system, first to ask whether it is possible that at any other place in the system there is a coherent part of the system. Otherwise phenomena apparently contradicting the entropy principle might occur in the case of the unexpected mutual action of two sub-systems. But if the two sub-systems have no mutual action the error due to neglecting their coherence would not be noticeable.Is not this analogous to the unknown relationships existing in psychology? These relationships are peculiar consequences of coherence, but often remain concealed and can, therefore, be ignored without disadvantage. Under certain external com­binations of circumstances, however, they can give rise to quite unexpected effects.Were we to allow our fancy free play, we could demonstrate the possibility, unrealizable at present, that, perhaps at dis­tances too great for us to comprehend, systems exist coherent with our universe, and that while those systems remain separate from it, our universe behaves normally, but as soon as mutual* M . Laue, Ann. d. P h y s ., 20, 365, 1906; 23, 1, 795, 1907; Verh. d. Dtsch. 
Physik. Ges., 9, 606, 1907; Physik. Z t s c h r ., 9, 778, 1908.



20effects occur, apparent exceptions (but only apparent) to the entropy principle can arise. Thus it might be possible to avert the threatened danger of complete dissipation of heat deduced from the second law of thermodynamics, without having to question its general validity. This danger has made many physicists and philosophers unsympathetic towards the second law. But even without this artificial expedient it appears to me, already, on account of the unlimited increase of our observa­tions of the surrounding universe, that we need not worry about this danger. Many far more urgent problems await solution at present. IVI have endeavoured to explain briefly some of the funda­mentals which the physics of the future will probably have to examine. I f  we review cursorily the changes our conception of the universe has undergone as science developed, and bear in mind the characteristics of this development as outlined above, we must admit that the picture of the future appears colourless and drab when compared with the glorious colouring of the original picture, tinted with the manifold needs of human life, and to which all the senses contributed their part. This com­parison detracts greatly from the value of an exact science, and then comes the greater difficulty that it is quite impossible to ignore the evidence of the senses (since we cannot exclude the admitted source of all our experiences), and consequently we can have no direct knowledge of the absolute.Why is it then that, in spite of its evident disadvantages, the picture of the future can hold its own against all the past? It is simply the unity of the picture: unity of all separate parts of the picture, unity of space and time, unity of all experimenters, nations, and kulturs.I f  we look at the question closely the older system does not form a single picture, but rather a collection of miniatures, for every set of natural phenomena has its own special picture. These different pictures do not coalesce. One can be removed without prejudice to the others, which will be impossible in the future picture of the physical world. No single part of it can be



21omitted as superfluous, each is an indispensable part of the whole, and as such possesses a special meaning in relation to observed facts. Conversely, every observable physical phe­nomenon will, and must, find its own particular place in the picture. Herein lies the essential difference between the usual pictures which in certain, but not in all, ways have to agree with the original—a difference which I think has been too much overlooked, even among physicists. Occasional remarks are found even in recent literature on the subject, such as in applications of the theory of electrons, or in the kinetic theory of gases, that these theories claim to give only an approximate picture of actual facts. I f  this assertion were expressed thus— that one could not demand agreement of all consequences of the kinetic theory of gases with observed facts, it would lead to serious misunderstanding.When R . Clausius, in the middle of last century, deduced from the kinetic theory of gases that the velocity of gas mole­cules at ordinary temperatures was of the order of hundreds of metres per second, it was agreed that two gases diffused very slowly into one another, and that local temperature fluctuations in gases only disappear very slowly. Then Clausius defended his hypothesis by saying that this was only an approximate repre­sentation of facts, and that too much was not to be expected from it, but he showed by calculation of the mean free path that the picture drawn by him actually agreed with physical observations in two specified cases. He well knew that if any single contradiction were established the new theory of gases would irrevocably lose its place in the physical world picture: and the same is true to-day.The extent to which a principle is recognized depends on the establishment of these claims, which are important to the physical picture, independently of the good wishes of individual workers, of rationality, of time, even of the entire human race. The last observation will appear at first sight daring, if not absurd. But remembering, for example, our earlier conclusions relative to the physics of the Martians, it must be admitted, at least, that the generalization is one which is used daily when conclusions are drawn directly from observations and can



22never be proved by such observations. Therefore anyone who disallows their force and significance thereby cuts himself adrift from physical thought.No physicist doubts the truth of the observation that a being, endowed with physical intelligence, and possessing means of detecting ultra-violet rays, would recognize these rays as being similar to the normally visible ones, though no one has seen either an ultra-violet ray or such a being. No chemist has any scruples about ascribing to solar sodium the same chemical characteristics as those of terrestrial sodium, although he can never hope to put a salt of solar sodium into a test tube.These last considerations lead to an answer to the questions propounded above. Is the physical world simply a more or less arbitrary creation of the intellect, or are we forced to the opposite conclusion that it reflects phenomena which are real and quite independent of us? Expressed in a concrete form, can we rationally assert that the principle of conservation of energy was true, even when nobody could think about it, or that the heavenly bodies will move according to the law of gravitation, when our earth and all that is therein is in ruins?If, looking back over the past, I give an affirmative answer to these questions, I am certain that this answer is, in a way, contradictory to a tendency of natural philosophy (recently introduced by Ernst Mach) which is in great favour in scien­tific circles. According to this, nothing is real except the per­ceptions, and all natural science is ultimately an economic adaptation of our ideas to our perceptions, to which we are driven by the fight for existence. The boundary between physical and psychical research is only practical and conven­tional. The only real elements of the world are the perceptions. *I f  we connect the last theorem with what we have understood from our review of the actual development of physics, we must arrive at the proper conclusion, namely, that what charac­terizes this development is the continual elimination of the real elements of the world from the physical picture. Every con­scientious physicist must take great care to distinguish between* Ernst M ach , “ Beiträge zur Analyse der Em pfindungen,”  Je n a , 1886, pp. 23, 142.



23his own unique ideal picture and those of all others. I f  two col­leagues, working independently on a particular research, obtain contradictory results, as occasionally happens, the physicist would be very wrong to conclude that at least one of the two must be in error. The contradiction might be ascribed to the differences of a two-sided picture, but I do not think that any physicist would ever accept such an explanation.Meanwhile, I am quite prepared to admit that an enormous improbability does not differ much from an actual impossibility, but I would expressly emphasize that the arguments which have been directed from every side against the atomic hypothesis and the electron theory are unjustifiable and unwarrantable. I would even like to assert—and I know I am not alone in this— that atoms, little as we know of their actual properties, are as real as the heavenly bodies, or as earthly objects around us, and when I say that a hydrogen atom weighs 1.6 x 10-24 gr., the statement involves as much learning as the statement that the moon weighs 7 x 1052 gr. It is true that I cannot place a hydrogen atom in a scale-pan, nor can I even see it, but neither can I place the moon in a scale-pan, and as far as seeing it is concerned, it is known that there are invisible heavenly bodies whose mass can be measured, with more or less accuracy— the mass of Neptune was measured before ever an astronomer turned his telescope towards it. There is not in existence a method of physical measurement in which all knowledge de­pendent on induction is eliminated. The same is also true for direct weighing and a glance into a laboratory shows us the combined results of observation and abstraction which such an apparently simple measurement involves.It still remains to ask how it comes about that M ach’s theory has won so many disciples among students of Nature. I f  I am not mistaken it represents, fundamentally, a reaction against the proud expectations of previous generations associated with special mechanical phenomena following the discovery of the energy principle, such as one can find buried in the writings of Emil du Bois-Reymond. I will not say that these expectations have not brought about many far-reaching pieces of work of lasting value— I will mention only the kinetic theory of gases—



24but taken all in all their importance has been exaggerated. Physics has renounced the development of the mechanics of the atom, on account of the introduction of statistics. M ach’s positivism was a philosophic example of the inevitable dis­illusionment. He fully deserved his success for having found again, in the sense-perceptions, the only legitimate starting- point of all physical research, and this in the face of threatened scepticism, but he overshot his mark, for he lowered the stan­dard of the physical world picture to that of the mechanical world picture.I am firmly convinced that there is no contradiction in M ach’s system, if correctly followed through. It seems to me that his meaning is, fundamentally, only formalistic. This is not the nature of science and he evades the most convenient criterion of all scientific research—the finding of a fixed world picture independent of the variation of time and people. Mach’s principle of continuity does not offer any alternative, for con­tinuity is not constancy.The fixed unity of the world picture is, however, as I have endeavoured to show, the fixed goal which true science approaches through all its changes. In physics we may cor­rectly state that the present picture has certain properties, and, although it varies its hue according to the individuality of the worker, no revolution in Nature or Man can obliterate these properties. This constancy, independent of all human and intellectual individuality, is what we call reality. Is there, for example, a serious physicist to-day who doubts the reality of the energy principle? O n the contrary the acknowledgment of this reality is regarded as essential to a scientist.Indeed, however confidently one lays the foundations of the world picture of the future, no general rules can be formulated. The greatest foresight is here desirable. There is a second con­sideration in connection with this question. What it simply and solely depends upon is the realization of a definite object even though unattainable. This object is—not the complete adapta­tion of our ideas to our perceptions, but—the complete libera­tion of the physical picture from the individuality of the separate intellects. This is, perhaps, a more accurate para-



25phrase of what I have called above, in order to avoid misunder­standing, “ the liberation from the anthropomorphous elements, ” as if a picture could be independent of the painter: this is a contradiction in terms.Still another argument, in conclusion, which perhaps has made more impression than all previous considerations on those who are disposed to set up the human economic point of view as being the only fruitful starting-point. As the great masters of exact research threw out ideas in science— as Copernicus removed the centre of the universe from the earth, as Keppler propounded the laws named after him, as Newton discovered general gravitation, as Huygens set forth the un­dulatory theory of light, as Faraday created the foundations of electro-dynamics—very many more can be cited— the eco­nomic point of view was the very last with which these men armed themselves in the war against inherited opinions and commanding authority. No— they were moved by their fixed belief in the reality of their picture, whether founded on an intellectual or a religious basis. In view of this unassailable fact, we cannot prove, for the present, that if M ach’s principle of economy be once actually placed in the centre of our knowledge, the ideas of such prominent intellects would be disturbed, the flight of their fancy weakened, and thereby the advance of science fatally retarded. Would it not be more truly econom­ical to give the principle of economy a somewhat less con­spicuous position? You will already have seen, from the method of putting the question, that I am far from leaving out the consideration of economy in a higher sense, or from banishing it altogether.We can even go a step further. These men did not speak of their world picture, but only of the world or Nature. Is there any recognizable difference between their “ world”  and our “ world picture of the future”? Certainly not. For it is known— after Immanuel Kant— that there is no method of proving the existence of such a difference. The expression “ world picture”  has only become common for the sake of caution, in order that certain illusions are excluded from the start. Applying the necessary foresight, and knowing exactly that we mean by



26“ world” nothing but the ideal picture of the future, we can, if we wish, substitute the single word and obtain a more realistic expression. This expression evidently recommends itself far more from the economical standpoint than M ach’s positivism, which is fundamentally very complicated and difficult to grasp, and it is actually used now by physicists when they talk about science.I spoke of illusions just now. It would certainly be a serious illusion on my part if I hoped that my remarks have carried general conviction, or even that they have been generally understood, and I shall very anxiously leave it with you. Surely much more will be thought and written concerning these questions, for theorists are numerous and paper is patient. Therefore we wish to emphasize unanimously and frankly what is acknowledged by us all, without exception, and must be admitted. That is, in the first place, scrupulousness in criticism of self, bound up with perseverance in the fight for true knowl­edge, and, in the second place, honourable regard, not to be shaken by misunderstandings, for the personality of scientific adversaries, and finally, a lasting confidence in the force of the Word which, for more than 1900 years, has given us an ultimate infallible test for distinguishing false prophets from true— “ By their fruits ye shall know them! ”



The Place of Modern Physics 
in the Mechanical View of 
Nature

As is well known, enormous changes have taken place in physics since the time of Neumann and Helmholtz. I f  Helm­holtz were with us to-day, he would doubtless be amazed at many of the facts of physics of which he would hear. First of all there are the immense advances in experimental technique which have brought about these changes. The results obtained have been so unexpected in many respects, that one is inclined, nowadays, to consider as soluble problems which were un­thought of a few decades ago, and hardly anything is con­sidered impossible from a technical point of view. The advance brought about in practical work has been communicated to the theorists. They go to work with a keenness unknown in times gone by. No physical theorem is at present beyond doubt, all and every physical truth is considered disputable. It often seems almost as if  theoretical physics is about to be plunged again into chaos.The more complex new facts are, and the greater the multi­plicity of new ideas introduced, the more urgent is the need for a method of consideration which will combine them. For, as certainly as the result of any particular experiment can only be confirmed by a suitable arrangement and interpretation of the research, so surely a working hypothesis of use in a wider sphere, and which helps to give a correct exposition, can only be formed by means of a suitable conception of the physical universe. This demand for a unified view of Nature is of importance, not only to physics, but to all natural sciences; since a change in the scope of physical principles must react on all the other natural sciences.The conception of Nature which has been of greatest use to27



28physics is unquestionably the mechanical conception. I f  we bear in mind that this conception aims at explaining all quali­tative differences ultimately in terms of motion, we may define the mechanical conception of Nature as the view that all physical phenomena can be completely reduced to movements of invariable and similar particles or elements of mass. At all events, that is what I am going to call the mechanical con­ception of Nature. Is this hypothesis fundamental and practical in the light of recent developments of physics?From the earliest times there have been physicists and philos­ophers, who regarded this as self-evident; indeed, they con­sidered this conception as a postulate of physical research. From their point of view, the problem for theoretical physics is simply to interpret all phenomena in Nature in terms of motion. O n the other hand, certain thinkers with sceptical minds doubted the fundamental character of such a formulation of the question and considered the mechanical view of Nature to be too narrow to embrace the whole range of natural phenomena. It cannot be said that either of the two opposed schools has obtained a decisive advantage. In these days, for the first time there seems to be a prospect of a final decision, as the result of a far-reaching movement affecting the whole of theoretical physics—a movement of such a radical and revolutionary nature that its effect is felt far outside the range of pure physics in the allied sciences of chemistry and astronomy, and even penetrates into psychology. Following this movement, dis­sensions rage among scientists comparable with those which raged round the Copernican view of the universe. I will en­deavour to show what has led to this revolution, and how the crisis consequent upon it can be settled.The golden age of the mechanical conception was the last century. The first great impulse was given by the discovery of the principle of conservation of energy, indeed, the mechanical conception has sometimes been identified with the principle of energy, particularly at the time of its discovery. This misunder­standing was due to the fact that from the standpoint of the mechanical view the principle of energy is easily deducible; for if all energy is mechanical, the principle of energy is funda-



29mentally none other than the law of vis viva, which had been known a long time. There are only two kinds of energy in Nature, kinetic and potential, and when considering any particular form of energy, e. g. heat, electricity, magnetism, it has simply to be decided whether it is kinetic or potential. This is the attitude adopted by Helmholtz in his first epoch-making paper on the conservation of momentum. A  certain time elapsed before it was realized that nothing regarding the nature of energy follows from the law of conservation of energy. This was advocated from the beginning by Julius Robert Mayer, the discoverer of the mechanical equivalent of heat.It was the development of the kinetic theory of gases that gave the special stimulus to the mechanical conception of Nature. This, most providentially, coincided with the direction along which chemical research had progressed. There, from a study of the differences between molecules and atoms, Avogadro’s Law was obtained (as was also the most useful definition of a mole­cule of a gas), and this law was deduced directly from the kinetic theory of gases, provided that the kinetic energy of the molecule in motion was taken as the measure of the temperature. On the basis of the atomic ideas, the processes of dissociation and association, of isomerism and of optical activity of the molecule were explained in detail by mechanics as successfully as were the physical phenomena of friction, diffusion, and con­duction of heat.O f  course, the final and most important question of how the differences between the chemical elements could be inter­preted in terms of motion remained unsolved. But here, also, there was hope, for the periodic system of the elements seemed to indicate clearly that there was only one ultimate form of matter; and though Prout’s hypothesis, that hydrogen is this ultimate form, has, in the meantime, become untenable, since atomic weights in general are not exact multiples of the atomic weight of hydrogen, yet there is always the possibility of choosing a still smaller primary atom as the common basis for all chemical elements, and so preserving the uniformity of the element.For a while a serious danger appeared to threaten the atomic



30theory from the point of view of energy, arising from the growth of pure thermo-dynamics. I f  it had been known, as was shown above, that the mechanical conception is in no way necessary to the principle of energy, the second law of thermo-dynamics and its many applications to physical chemistry, would have given rise to a certain doubt concerning the atomic theory. General laws, such as those governing latent heats of evapora­tion and liquefaction, osmotic pressure, electrolytic dissocia­tion, lowering of freezing-point and raising of boiling-point, could, with ease, be deduced completely and exactly from pure thermo-dynamics. From the atomic theory, however, these laws could only be derived with difficulty, and then only to a certain degree of approximation, particularly so when dealing with fluids and solids, to which cases the atomic theory had not been fully applied. The methods of thermo-dynamics, however, governed the three conditions of matter equally, indeed, some of its most remarkable results were obtained when dealing with fluids. Above all, the irreversibility of all natural processes was a serious trouble to the mechanical conception, since all proc­esses in mechanics are reversible. It needed the comprehensive analysis and the inflexible optimism of a Ludwig Boltzmann not only to reconcile the atomic theory with the second law of thermo-dynamics, but also to explain for the first time the fundamental basis of the second law by means of the atomic theory. All these difficult questions were easily settled, or rather they did not exist for the adherents of pure thermo­dynamics, who did not recognize the necessity of reducing thermal and chemical energy to mechanical, but accepted the assumption that energy could take different forms—a circum­stance which caused Boltzmann to remark that the kinetic theory of gases seemed to him to be going out of fashion. He would not have said this a few years later, for it was about that time that the kinetic theory of gases began to yield results at least as important as previous results.At last pure thermo-dynamics attained its natural position. Since the second law only gave an inequality, it was only con­ditions of equilibrium which could be derived from it, in complete generality and exactness. Beyond this, in the con-



31sideration of physical or chemical phenomena, the second law could only give the sign of the variation with time, and could only yield qualitative results for such phenomena near the condition of equilibrium. It gave no definite quantitative values for velocities of reaction, and still less an insight into the details of these processes. Here no course is left open but to apply the methods of the atomic theory, and these methods have, through­out, been successful. They have been of particular importance in deducing the laws of ionization and for all phenomena in which electrons play a part. I will merely remark that disper­sion, cathode and Röntgen rays and the whole domain of radio-activity can only be explained on the lines of a kinetic atomic theory.Even in the original sphere of thermo-dynamics, viz. equilibrium, or stationary conditions, the kinetic theory has thrown light on certain problems which would otherwise have remained unsolved. It has made more comprehensible the emission and absorption of heat rays; indeed, in the elucidation of the so-called Brownian movement, it has provided the direct, so to speak concrete, justification for its existence, and this has been its supreme triumph. In brief, it can be said that, in heat, chemistry, and electron theory, the kinetic theory of the atom is no longer merely a working hypothesis, but a lasting and established theory.How does the mechanical conception of Nature stand now? The atomic theory of matter and electricity is not enough, for it further requires a representation of all phenomena in Nature in terms of motions of simple particles.The most elegant, and perhaps the final, attempt to express all natural phenomena in terms of motion, is contained in Heinrich Hertz’s mechanics. In this, the search of the mechani­cal conception for a uniform world picture has been brought to a somewhat ideal completion. Hertz’s mechanics does not really represent physics as it is, it is physics as it might be, a sort of confession of faith for physics. It draws up a programme of stately consistency and harmony, a programme surpassing all previous investigations directed to that end. Hertz is not satisfied with postulating that all Nature, from the mechanical



32point of view, can be completely explained by assuming move­ments of simple, similar particles, which build up the whole of the physical universe. He goes beyond Helmholtz’s conserva­tion of momentum, in so far as he eliminates from the beginning the difference between potential and kinetic energy, and there­by all problems involving the investigation of special types of energy. According to Hertz, there is not only one form of matter, the particle, but also only one form of energy, kinetic. All other types of energy, such as potential energy, electro­magnetic, chemical, and thermal energy, are really kinetic energy of the motion of imperceptible particles, and these different forms are simply and solely due to natural relations between the positions and velocities of the particles considered. These relations do not in any way prejudice the validity of the principle of energy, since they affect only the directions of the movements and not the magnitudes of the kinetic energies just as the direction of a train is altered by curvature of the rails, but not its speed. All movements in Nature, according to Hertz, depend ultimately on the inertia of matter. A  good example is furnished by the kinetic theory of gases, in which the elastic energy of stationary gas particles hitherto considered as potential is replaced by the kinetic energy of moving gas particles. This radical simplification of the postulates gives a wonderful simplicity and lucidity to the theorems of Hertzian mechanics.Closer examination shows that the difficulties are not elimin­ated, but merely pushed aside, indeed removed into the almost inaccessible domain of experimental verification. Hertz himself may have felt this, for he has never made any attempt to give, in any particular simple case, the imperceptible motions introduced by him and the requisite relations, as Helmholtz did in the introduction to his paper. Even to-day, we have made no progress in this direction; on the contrary, we shall see that physics has developed along other lines, which not only lead us away from the Hertzian view, but away from the mechanical conception generally. Among the physical phenomena which have been most carefully investigated, there is a large group, which it appears to be impossible to reconcile with the mechani­cal view of Nature.



33I will now consider the real stumbling-block of the mechani­cal theory, namely, light-ether. The attempts to represent light waves as motions of a substance consisting of very minute particles are as old as Huygens’s undulatory theory, and ex­ceedingly varied theories have been put forward from time to time to explain this mysterious medium. It must follow from the mechanical conception that where there is energy there must be motion, and where there is motion there must be something which moves. Therefore, as the existence of a material light-ether is a postulate in the mechanical conception, it must be vastly different from every other known substance, on account of its very low density, compared with the enormous elasticity it must have to allow for the huge velocity of light. According to Huygens, who considered light waves to be longi­tudinal, the light-ether could be considered as a fine gas, but after Fresnel, who was certain that the waves were transversal, ether must be looked upon as a solid body; since a gaseous ether could not possibly propagate transverse light waves. Attempts have often been made to explain transverse waves by friction, which exists in gases, but these explanations cannot be accepted, as neither absorption of light nor variation of velocity with colour can be proved to exist in the free ether. Thus it was necessary to assume a solid body having the special property that the heavenly bodies could move through it without ex­periencing any resistance. It was here that the difficulties began. Every attempt to apply the theory of the elasticity of a solid body to the light-ether required longitudinal waves which, in reality, do not exist, at least they could not be discovered, in spite of strenuous and varied methods applied to do so. It is only possible to get rid of these longitudinal waves by assuming infinitely large or infinitely small compressibility of the ether. But, with this assumption, it is impossible completely to satisfy the boundary conditions at the surface of separation of two different media.I will not go into all the various more or less complicated assumptions that have been made to overcome these difficulties. I will merely refer to one serious symptom, usually accompany­ing unfruitful hypotheses and particularly in evidence in this



34problem. I refer to the introduction, into physics, of contro­versies which cannot be settled experimentally. A  conspicuous example is the quarrel between Fresnel and Neumann about the relation between the vibration direction of a ray of polarized light and the plane of polarization. There is hardly any part of physics in which a question apparently insoluble has raised such a bitter controversy, all the available weapons of theory and experiment having been brought into play.With the introduction of the electro-magnetic theory of light, it was realized that the question was of no importance—at all events, of no importance in a method wherein light is considered as an electro-dynamic phenomenon. Though the problem of explaining light waves mechanically remained unsolved, it was only postponed to await the solution of the much more general problem, that of expressing in terms of motion all electro­magnetic phenomena, both static and dynamic. In fact, the interest in this more general problem became ever greater with the development of electro-dynamics. One got nearer the solution by attacking the problem more comprehensively from general considerations, and the significance of light-ether was emphasized. For hitherto the light-ether was only of importance in the consideration of light waves, but it now became the medium by which all electro-magnetic processes were trans­mitted, at least in a pure vacuum.All these attempts were fruitless—light-ether mocked all efforts at explaining it mechanically. So much became evident, that in one sense electric and magnetic energies were inter­related in the same way as kinetic and potential energies, and the question became, whether electric or magnetic energy should be considered as kinetic. In optics, the former would agree with Fresnel’s theory, the latter with Neumann’s. But the hope that an examination of the properties of static and stationary fields would furnish the necessary evidence to settle the question, insoluble in optics, was not realized. On the contrary, the difficulties were appreciably increased. All con­ceivable proposals and combinations were tried to obtain the foundations of the constitution of the light-ether. O f  all physi­cists engaged on the problem, Lord Kelvin, right up to the time



35of his death, appears to have been the most active. It was shown to be impossible to explain electro-dynamic phenomena in free ether on a purely mechanical hypothesis—whereas the same phenomena were represented, by means of the Maxwell-Hertz differential equations, very simply and accurately in all details examined up to that time. The laws themselves were known in detail, but the mechanical explanation denied these simple laws completely and without question. At least, I do not think any serious objection will be raised in physical circles when I remark that the assumption of the complete validity of the simple Maxwell-Hertz differential equations excludes any possibility of explaining, on mechanical lines, electro-dynamic phenomena in the ether. This is not altered by the fact that Maxwell originally derived his equations with the help of the mechanical theories. It would not be the first time that a cor­rect result has been obtained from ideas associated not quite correctly. Whoever wishes to-day to adhere to the mechanical exposition of electro-dynamical phenomena in free ether, must regard the Maxwell-Hertz equations as not quite exact, and correct them by introducing certain terms of a higher order. From first principles there can be no objection to this point of view, and an extensive field is opened for all kinds of specula­tions. On the other hand, it must be borne in mind that this view can only be established by experiment, and that such experiments must only be considered together with all previous work, fruitless though it may have been. I have already spoken of such experiments. There is one, however, which I have not mentioned, the most important of all, since it is independent of all detailed assumptions as to the nature of the light-ether.Whatever one thinks of the constitution of the light-ether, whether it is considered continuous or discontinuous, the ques­tion always arises, if, when dealing with the motion of a trans­parent body, the ether enclosed must be considered as moving with the body, or remaining totally or partially at rest while the body moves. It may with certainty be answered that, at all events, the light-ether is not always completely carried along with the body, often practically not at all. For, in a gas in motion, such as a current of air, the velocity of light is markedly



36independent of the velocity of the gas, or if I may so express it, light travels just as fast against the wind as with the wind. This was shown by Fizeau in the middle of the last century by means of delicate interference experiments. We must, therefore, suppose that ether, through which light waves are moving, is not noticeably affected by the movements of the air, but re­mains at rest, in spite of them. I f  this is so, the next question is naturally: What is the magnitude of the velocity with which atmospheric air moves through ether?This is a question which it has so far been impossible to answer in any single case by measurement. The air surrounding the earth moves, as a whole, with the earth, and thus has a velocity relative to the sun of about 30 km. per second, the direction varying continuously through the seasons. Though this velocity is only a ten-thousandth part of the velocity of light, from our present knowledge of optics methods can be devised which allow a velocity of this magnitude to be measured. Researches into the measurement of the motion of the earth relative to the light-ether occupy many pages in the annals of physics. But much ingenuity and experimental skill have failed to overcome the difficulties encountered. Nature remains silent and refuses to divulge the answer. It has not been possible to discern any trace of the effect of the motion of the earth on optical phenomena in the atmosphere. In this connection the most striking result is that of A . Michelson, who compared the velocity of propagation of light parallel to the direction of motion of the earth and at right angles to it. In this work, the relations are so extremely simple and the methods of measurement so extraordinarily delicate, that any effect of the motion of the earth must have been detected. Such an effect could not be discovered.Considering this state of affairs, so very difficult and mysteri­ous in theoretical physics, it is not unnatural to wonder whether it would not have been better to attack the problem from a quite different point of view. What has been the chief cause of the failure of all researches relating to the mechanical proper­ties of the ether? Is there any physical meaning to the questions of the constitution, density, and elastic properties of the ether,



37longitudinal ether waves, the relation of the velocity of the ether to the plane of polarization, and the velocity of the atmos­phere relative to the ether? I f  not, the efforts made to solve these problems are analogous to the attempts to attain per­petual motion. Thus we arrive at a critical point.In his Königsberg lecture, Helmholtz laid special emphasis on the fact that the first step towards the discovery of the prin­ciple of energy had arisen from the question: What must be the relations between the forces of Nature if it is impossible to obtain perpetual motion? Similarly, it can rightly be asserted that the first step towards the development of the principle of relativity was coincident with the question: What relations must exist between the forces of Nature if it is impossible to ascribe to the ether any material properties? Do the light waves advance through space of their own accord, without the aid of a material medium? I f  so, the velocity of a body relative to the ether cannot be defined, let alone measured.I need not say that with this view the mechanical conception is absolutely untenable. Whoever regards the mechanical con­ception as a postulate in physical theory, cannot be amicably disposed towards the theory of relativity. The unprejudiced will ask: Where does this principle lead us? It must be first understood that the above purely negative formulation of the new principle can only lead to results when combined with a positive basis founded on experiment. The most suitable basis consists of the Maxwell-Hertz equations of electro-dynamic phenomena in free ether, or, as we had better say, in a pure vacuum. The vacuum is the simplest of all conceivable media and in the whole realm of physics there are no relations known— excepting general principles—which deal with such delicate phenomena and appear to express them so accurately as these equations.A new truth always has to contend with many difficulties; if it were not so, it would have been discovered much sooner. The chief difficulty in the theory of relativity lies in a far-reach­ing, even revolutionary result, necessitating the reconsideration of our conception of time. I should like to explain this important statement by means of a concrete example.According to the principle of relativity, it is absolutely



38impossible to find a general constant velocity of the solar system as a whole by means of any measurements within the system. Such a velocity, however great, could not be detected from any effects within the system. This law is already familiar in astronomy, it must also be true in physics. Every educated man knows that when he observes a phenomenon in any heavenly body, such as the sun, the event does not take place on the sun at the same moment as it is observed at the earth, but a certain time elapses between the event and its observation, namely, the time light takes to travel from the sun to the earth. I f  it is assumed that the sun and the earth are both at rest, this time is about eight minutes (we can here neglect the motion of the earth round the sun). If, however, the sun and the earth move with a common velocity in the direction from the earth to the sun, the earth moving towards the sun and the sun away from the earth with the same velocity, the time will be shorter. After leaving the sun, the light wave, which brings news of the occur­rence from the sun to the earth, travels through space independ­ently of the velocity of the sun, and meets the earth sooner than it would if the earth were at rest. Conversely, if the earth moved away from the sun, the sun following at a constant distance, the time between the occurrence and the observation of it would be longer.The question therefore arises: How much time actually elapses between the occurrence of the event on the sun and its observa­tion on the earth? This question is synonymous with the question as to what is the actual velocity of the sun and earth. As, according to the theory of relativity, no physical interpreta­tion can be ascribed to the latter question, the same must apply equally to the former question. In other words, in physics a definition of time is only of importance when the velocity of the observer is taken into account.It follows that time, as well as velocity, has a merely relative significance, and that when considering two mutually inde­pendent events at different places the terms earlier and later may even be reversed for two observers. This reasoning appears at first sight monstrous, even incomprehensible, but perhaps not more so than would have seemed 500 years ago the assertion



39that what we call the vertical is not an absolute constant, but describes a cone in space every twenty-four hours. However right it may be in many cases to follow intuition, there are circumstances in which this course would be a serious check to the introduction of new great ideas into science. It is true that many fruitful ideas in physics arose from the obvious, but there are always some, not the least valuable, which had to override accepted ideas before being established.We can all remember how, when we were children, we had great difficulty in realizing for the first time that there were people on the earth whose feet pointed towards ours, and that they walked on the earth as safely as we did, without falling off and without any discomfort. I f  anyone to-day were to put forward the argument that the lack of clearness is a material objection to the relative character of all space directions, he would simply be laughed at. I am not sure that the same will not be the case 500 years hence with anybody who doubts the relative nature of time.The measure of the value of a new hypothesis in physics is not its obviousness but its utility. I f  the hypothesis proves successful, one becomes used to it and it gradually becomes obvious of its own accord. When the exploration of electro-magnetic effects was yet incomplete, it was thought impossible to visualize galvanic streams, electro-motive force and magnetic lines of force without the aid of flow in liquids, hydraulic pumps, and stretched strings. Now, the majority of students of electric- technics scorn the use of these incomplete analogies and prefer to work directly with electro-magnetic conceptions which have become reliable through use. I have occasionally noticed that conversely, attempts have been made to illustrate complicated fluid motions, such as Helmholtz’s vortex motion, by means of electro-magnetic analogies.What is the position with regard to the theory of relativity? It certainly makes very far-reaching claims on abstract physics, but its methods are convenient and universal, and, above all, give definite results which are comparatively simply formulated. O f  the pioneers in this work we must mention first Hendrik Antoon Lorentz, who discovered the principle of relativity of



40time, and introduced it into electro-dynamics without making any important deductions from it. Then comes Albert Einstein, who boldly proclaimed it as a universal postulate, and Hermann Minkowski, who succeeded in setting forth the theory of rela­tivity in mathematical terms.It is evidently not an accident that these abstract problems have chiefly attracted the attention of mathematicians, especi­ally after it was seen that the mathematical methods employed were the same as those for four dimensional geometry. But genuine unprejudiced experimental physicists are in no way opposed to the theory of relativity. For the present they allow matters to proceed quietly and take their stand from results that can be proved experimentally. It must be pointed out in this connection that there are many physical deductions from the theory of relativity, but that their verification demands measure­ments so accurate that the instruments used are taxed to the utmost limit of their sensitivity. This is due, in the first place, to the fact that the velocities of the bodies considered are usually extremely small compared with the velocity of light. The most rapid movements are encountered when dealing with electrons, and, therefore, the first positive results are to be expected in the dynamics of electrons. Meanwhile, the sensitivity of the instruments will be improved as time goes on, the accuracy of the measurements increased and the verification of the theory more exact. The position is exactly the same as it was when the figure of the earth was first in question. I f  the radius of the earth had not been so great compared with the lengths used in investi­gations, the shape of the earth and the relativity of all directions in space would have been recognized much earlier.The significance of the analogy I have drawn between time and space goes much further. It is more than an analogy, it is an identity, at least in the mathematical sense. Minkowski’s greatest work was to show that if  time is measured in suitable imaginary units, the three dimensions of space and this time dimension appear absolutely symmetrical in the fundamental equations of physics. The transition from one direction in space to another is accordingly mathematically and physically equiva­lent to a transition from one velocity to another, and the theory



4 1of the relativity of all velocities is but an extension of the theory of relativity of all space directions. As the latter theory had a hard struggle before being generally recognized, so also the former will have to overcome much opposition, but no longer, as earlier, associated with danger to life and limb. The best means, indeed the only means, of coming to a decision lies in a closer investigation of the results to which the new ideas lead, and the following remarks should be regarded in thatlight.According to the principle of relativity, the physical universe, as we know it, has four equally important interchangeable dimensions. Three of them we call space co-ordinates, the fourth we call time, and from every physical law can be derived three others by interchanging the co-ordinates.The chief law of physics, the pinnacle of the whole system is, in my opinion, the principle of least action, which involves the four universal co-ordinates in a perfectly symmetrical form.* From this central principle, four equally important principles radiate symmetrically in four directions, corresponding to the four universal dimensions. Corresponding to the three space dimen­sions is the (threefold) principle of momentum, and to the time dimension the principle of energy. It was never before possible to follow these principles back to their common origin.This conception sheds a new light on the relation of the mechanical to the energy conception of Nature, for the energy view rests on the principle of energy, while the mechanical view rests on the principle of momentum. The three well-known Newtonian equations of motion are nothing but the expression of the principle of momentum as applied to a material point. According to them, the change of momentum is equal to the impulse of the force, whereas, according to the principle of energy, the change of energy is equal to the work done by the force. Each of the two conceptions of Nature, the mechanical* Since the principle of least action is usually expressed by means of a time integral, the time co-ordinate seems to be more in evidence than the other co-ordinates. This one-sidedness is, however, only apparent and is due to the method of expressing the integral, for the “ action integral”  (the func­tion whose variation vanishes) of any physical phenomenon is an invariant for any Lorentz transformation.



42and the energy, suffers from a certain one-sidedness. The first is essentially superior to the second in so far as it gives three equations, corresponding to the vectorial character of momen­tum, while the principle of energy furnishes only one equation. O f  course, these remarks apply, not only to the motion of a particle, but to every reversible phenomenon in mechanics, electro-dynamics, and thermo-dynamics.The effective mass of a moving body can be deduced from its momentum or its energy, and naturally, when considered from this point of view, loses its fundamental character and becomes of secondary importance. As a matter of fact, this method shows that the effective mass of a body is not constant, but is depend­ent on its velocity, and changes so that, when the velocity of the body approaches the velocity of light, the effective mass increases beyond all bounds. Therefore, according to the theory of relativity, it is absolutely impossible for a body to have a velocity as great as, or greater than, the velocity o f  light. More­over, the effective mass of a body is not constant, but, strictly speaking, depends on its temperature. This follows, quite apart from the theory of relativity, from the fact that every body contains a certain quantity of radiant heat, varying with its temperature. The magnitude of this was first recognized by Fritz Hasenöhrl.The question must now be asked, if the particle loses the properties of constancy, and invariability, hitherto generally regarded as fundamental, what is the real substance, what are the invariable elements from which the whole universe is built up? One may answer that the invariable elements of the system of physics based on the theory of relativity are the so- called universal constants: chiefly the velocity o f light in a vacuum, the electric charge and mass of an electron at rest, the “ elemen­tary quantum of action” obtained from heat radiation and which probably plays a fundamental part in chemistry, the constant of gravitation, and many others. These quantities have a real meaning, since their values are independent of the con­dition, standpoint, and velocity of the observer. For the rest it must be remembered that there are still many details to be explained. Were we in a position to answer all these questions



43satisfactorily, physics would cease to be an inductive science, and it will certainly always be that.It will be seen from these remarks that the principle of relativity does not merely disorganize and destroy, but in a much higher degree organizes and constructs—it simply dis­cards a form which, owing to the advance of science, was already out of date. In place of the old confined structure, it erects a new one, more comprehensive and more lasting, and includes all the treasures of the former, naturally everything I have mentioned above, in a different, clearer grouping, and yet has room for discoveries still to be made. It shuts out of the physical universe those unessential factors introduced by the contingencies of human views and customs, and purges physics of its anthropomorphic elements, which arose from individual peculiarities of physicists, and the complete exclusion of which, as I have endeavoured to show elsewhere, is the real end of all physical knowledge. It opens to the progressive mind a per­spective of almost immeasurable breadth and height, and leads him to co-ordinate results in a way unthought of in former periods, and beyond even the perfect mechanics of Heinrich Hertz. No one who has studied the lines of these new methods can long resist the spell cast by them, and it is quite conceivable that in a well-ordered mind, like that of Hermann Minkowski, it can arouse intense enthusiasm.Physical questions, however, cannot be settled from aesthetic considerations, but only by experiment, and this always involves prosaic, difficult, and patient work. The important physical significance of the theory of relativity lies in the fact that it provides a precise answer, determined by experiment, to a series of physical questions, which earlier were complete mysteries. Therefore the principle must be regarded at least as a working hypothesis of great potentiality, particularly as opposed to the mechanical hypothesis of the light-ether. At present, the dispute centres about the dynamics of the electron. This question has been brought within the range of exact observation by the discovery of the deflection of free electrons by electric and magnetic influences. Experienced minds and skilful hands are now at work in various laboratories,



44independently of one another, and the result is awaited all the more anxiously because it appeared at first that observations con­tradicted the theory of relativity, while at present the balance seems to be leaning in favour of the principle.The eyes of numerous physicists and friends of physics are on this fundamental research, and this society* has shown its interest in it by devoting a part of the revenue of the Trenkle Foundation towards such experimental work. We hope that it will produce a valuable contribution to the solution of this problem.Now, whatever the ultimate decision will be—whether the principle of relativity is accepted or whether it is abandoned, whether we stand actually upon the threshold of an entirely new view of Nature or whether this advance will fail to lead us out of the darkness—clearness must, under all circumstances, be obtained, and to obtain it no price is too high. Even a disillu­sionment, if only it be fundamental and conclusive, is a step forward, and the sacrifices involved in the abandonment of the theory would be amply compensated for by the discovery of the treasures of new knowledge. I wish these words to be interpreted in the spirit of this society, for it can always be counted to its credit that it has never favoured any prejudiced line of advance in science, but has always decisively rejected work which tended in that direction. We can have no doubt that this will be so in the future and that we will always advance unceasingly, undeterred by the nature of results, into the light of truth.* The Assembly of Germ an Science and Medicine.



New Paths of Physical 
Knowledge

Experimental research in physics has not experienced, for a long time, such a stormy period, nor has its significance for human culture ever been so generally acknowledged as now­adays. Wireless waves, electrons, Röntgen rays, radio-active phenomena more or less arouse everybody’s interest. I f  we con­sider only the wider question of how these new and brilliant discoveries have influenced and advanced our understanding of Nature and her laws, their importance does not appear, at first sight, to be commensurate with their brilliance.Whoever tries to judge the state of present-day physical theories from a detached point of view may easily be led to the opinion that theoretical research is complicated to a certain extent by many new experimental discoveries, some of which were quite unforeseen. He will find that the present time is an unedifying period of aimless groping, in direct contrast to the clearness and certainty characteristic of the recent theoretical epoch, which may, therefore, with some justification, be called the classical epoch. Everywhere, old ideas, firmly rooted, are being displaced, generally accepted theorems are being cast aside and new hypotheses taking their place. Some of these hypotheses are so startling that they put a great strain on our comprehension and on our scientific ideas, and do not appear to inspire confidence in the steady advance of science towards a fixed goal. Modern theoretical physics gives one the impression of an old and honoured building which is falling into decay, with parts tottering one after the other, and its foundations threatening to give way.No conception could be more erroneous than this. Great fundamental changes are, indeed, taking place in the structure45



46of theoretical physics, but closer examination shows that this is not a case of destruction, but one of perfection and extension, that certain blocks of the building are only removed from their place in order to find a firmer and more suitable position else­where, and that the real fundamentals of the theory are to-day as fixed and immutable as ever they have been. After this more general consideration we will examine thoroughly the basis of these remarks.The first impulse towards a revision and reconstruction of a physical theory is nearly always given by the discovery of one or more facts which cannot be fitted into the existing theory. Facts always form a central point about which the most im­portant theories hinge. Nothing is more interesting to the true theorist than a fact which directly contradicts a theory gener­ally accepted up to that time, for this is his particular work.What is to be done in such a case? Only one thing is certain: The existing theory must be altered in such a way that it is made to agree with the newly-discovered fact. But it is often a very difficult and complicated question to decide in what part of the theory the improvement has to be made. A  theory is not formed from a single isolated fact, but from a whole series of individual propositions combined together. It resembles a com­plicated organism, whose separate parts are so intimately connected that any interference in one part must, to some extent, affect other parts, often apparently quite remote, and it is not always easy to realize this fully. Thus, since each conse­quence of the theory is the result of the co-ordination of several propositions, any erroneous result deduced from the theory can generally be attributed to several of the propositions and there are almost always numerous ways out of the difficulty. Usually, in the end, the question resolves itself into a conflict between two or three theorems, which were hitherto related in the theory, at least one of which theorems must be discarded on account of the new facts. The dispute often rages for years, and the final settlement means not only the exclusion of one of the theorems considered, but also, and this is specially important, quite naturally the corresponding strengthening and establish­ment of the remaining accepted propositions.



47The most important and remarkable result of all such dis­putes arising in recent times is that the great general principles of physics have been established. These are the principle of conservation of energy, the principle of conservation of momen­tum, the principle of least action, and the laws of thermo­dynamics. These principles have, without exception, held the field and their force has increased appreciably in consequence. On the other hand, the theorems that failed to survive are ones which certainly served as apparent starting-points for all theoretical developments, but only because they were thought to be so self-evident that it was usually considered unnecessary to mention them specifically, or they were completely forgotten. Briefly, it can be said that the latest developments of theoretical physics were vindicated through the triumph of the great principles of physics over certain deeply rooted assumptions and conceptions, which were accepted from habit.A  few such propositions may be mentioned in order to illus­trate this. These had been accepted as self-evident foundations of their respective theories without any consideration, but in the light of new discoveries have been proved untenable or, at least, highly improbable, as opposed to the general principles of physics. I mention three: the invariability of the chemical atom, the mutual independence of space and time, the continuity of all dynamical effects.It is naturally not my intention to recount all the weighty arguments which have been directed against the invariableness of 
the chemical atom; I will only quote a single fact which has led to an inevitable conflict between a physical principle and this assumption, which had always hitherto been considered as self- evident. The fact is the continual development of heat from a radium compound, the physical principle is conservation of energy, and the conflict finally ended with the complete victory of this principle, though at first many wished to throw doubt on it.A  radium salt, enclosed in a lead chamber of sufficient thick­ness, continually develops heat at a calculated rate of about 135 calories per grain of radium per hour. Consequently, it always remains, like a furnace, at a higher temperature than its



48surroundings. The principle of conservation of energy states that the observed heat cannot be created out of nothing, but that there must be a corresponding change as the cause. In the case of a furnace, we have the continual burning, in the case of the radium compound, through lack of any other chemical phenomenon, a variation of the radium atom itself must be assumed. This hypothesis has established itself everywhere, although it appeared daring when looked at from the previously accepted point of view of chemical science.Strictly considered, there is, indeed, a certain contradiction in the conception of a variable atom, since atoms were originally defined as the invariable ultimate particles of all matter. Accordingly, to be quite accurate, the term “ atom”  should be reserved for the really invariable elements, as, perhaps, electrons and hydrogen. But apart from the fact that perhaps it can never be established that an invariable element exists in an absolute sense, such an uncertainty of meaning of terms would lead to a terrible confusion in the literature. The present chemical atoms are no longer the atoms of Democritus, but they are accurately determinable numerically by means of another and much more rigid definition. Only these numbers are referred to when atomic change is mentioned, and a misunderstanding in the direction indicated appears quite impossible.Until recently the absolute independence of space and time was con­sidered no less self-evident than the invariableness of the atom. There was a definite physical meaning to the question of the simultaneity of two observations at different places, without any necessity to inquire who had taken the time measurement. To-day it is quite the opposite. For a fact which up to now has been repeatedly verified by the most delicate optical and electro-dynamical experiments has brought that simple con­ception into conflict with the so-called principle of constant velocity of light, which came into favour through Maxwell and Lorentz, and which states that the velocity of propagation of light in empty space is independent of the motion of the waves. This fact is briefly, if  not also clearly, called the relativity of all motion. I f  one accepts the relativity as being experimentally proved, one must abandon either the principle of constant



49velocity of light or the mutual independence of space and time.Let us take a simple example. A  time signal is sent out from a central station such as the Eiffel Tower by means of wireless telegraphy, as proposed in the projected international time service. Then all the surrounding stations which are at the same distance from the central station, receive the signal at the same time and can adjust their clocks accordingly. But such a method of adjusting time is inadmissible if one, mindful of the relativity of all motion, shifts his viewpoint from the earth to the sun, and thus regards the earth in motion. For, according to the prin­ciple of constant velocity of light, it is clear that those stations which, seen from the central station, lie in the direction of the earth’s motion, will receive the signal later than those lying in the opposite direction, for the former move away from the oncoming light waves and must be overtaken by them, while the latter move to meet the waves. This, according to the prin­ciple of constant velocity of light, makes it quite impossible to determine time absolutely, i. e. independently of the movement of the observers. The two principles cannot exist side by side. So far, in the conflict, the principle of constant velocity of light has decidedly had the upper hand, and it is very probable that no change will come about, in spite of many ideas recently promulgated.The third of the above-mentioned propositions deals with the 
continuity of all dynamical effects, formerly an undisputed hypoth­esis of all physical theories, which was condensed in Aristotle’s well-known dogma: natura non facit saltus. But even in this stronghold, always respected from ancient times, modern research has made an appreciable breach. In this case, recent discoveries have shown that the proposition is not in agreement with the principles of thermo-dynamics, and, unless appear­ances are deceptive, the days of its validity are numbered. Nature certainly seems to move in jerks, indeed of a very definite kind. To illustrate this more clearly, may I present a straightforward comparison.Let us consider a sheet of water in which strong winds have produced high waves. After the wind has completely died down,



50the waves will continue for an appreciable time and move from one shore to the other. But a certain characteristic change will take place. The energy of the big, long waves will be trans­formed, to an ever-increasing extent, into the energy of small short waves, particularly when beating against the shore or some other rigid obstacle. This process will continue until finally the waves have become so small, and the movements so fine that they become quite invisible to the eye. This is the well- known transformation of visible motion into heat, molar into molecular movements, ordered movements into disorder; for in the case of ordered movement, many neighbouring molecules have the same velocity, while in disorderly movements, any particular molecule has its own special velocity and direction.The process described here does not go on indefinitely, but is limited, naturally, by the size of the atom. The movement of a single atom, considered by itself, is always orderly, since all the individual parts of an atom move with a common velocity. The bigger the atom, the less the dissipation of energy that can take place. So far everything is clear, and the classical theory fits in perfectly.Now let us consider another, quite analogous phenomenon, dealing, not with water waves, but with rays of light and heat. We here assume that rays emitted by a bright body are con­densed into a closed space by suitable reflection and are there scattered by reflection from the walls. Here, again, there is a gradual transformation of radiant energy of long waves into shorter ones, of ordered waves into disorderly ones; the big, long waves correspond to the infra-red rays, the small, short ones to the ultra-violet rays of the spectrum. According to the classical theory, one would expect all the energy to be concen­trated ultimately at the ultra-violet end of the spectrum. In other words, that the infra-red and visible rays are gradually lost and transformed into invisible and chemically active ultra­violet rays.No trace of such a phenomenon can be discovered in Nature. The transformation sooner or later reaches quite a definite, determinative end, and then the radiation remains completely stable.



5 1Different attempts have been made to bring this fact into line with classical theory, but hitherto these attempts have always shown that the contradiction struck too deeply at the roots of the theory to leave it undisturbed. Nothing remains but to recon­sider once more the foundations of the theory. And it has been once more substantiated that the principles of thermo-dynamics are unshakable. For the only way found hitherto which appears to promise a complete solution of the riddle, is to start with the two laws of thermo-dynamics. It joins these, however, with a new peculiar hypothesis, the significance of which in the two cases mentioned above, can be described as follows.In the water waves, the dissipation of kinetic energy comes to an end on account of the fact that the atom retains its energy in a certain way, such that each atom represents a certain finite quantum of matter which can only move as a whole. Similarly, although the light and heat radiation is of a non-material nature, certain phenomena must occur, which imply that radiation energy is retained in certain finite quanta, and the shorter the wave length, and the quicker the oscillations, the more energy is retained.Nothing can as yet be said with certainty of the dynamical representation of such quanta. Perhaps one could imagine quanta occurring in this manner, viz. that any source of radia­tion can only emit energy after the energy has reached a certain value, as, for example, a rubber tube, into which air is gradu­ally pumped, suddenly bursts and discharges its contents when a certain definite quantity of air has been pumped in.In all cases, the quantum hypothesis has given rise to this idea, that in Nature, changes occur which are not continuous, but of an explosive nature. I need only mention that this idea has been brought into prominence by the discovery of, and closer research into, radio-active phenomena. The difficulties con­nected with exact investigations are lessened, since the results obtained on the quantum hypotheses agree better with obser­vation than do those deduced from all previous theories.But, further, if it is advantageous for a new hypothesis that it proves itself useful in spheres for which it was not intended, the quantum hypothesis has a great deal in its favour. I will here



52just refer to one point which is particularly striking. When air, hydrogen and helium were liquefied, a rich field of experi­mental research in low temperatures was opened, and has already yielded a series of new and very remarkable results.To raise the temperature of a piece of copper by one degree, from — 250° to — 249°, the quantity of heat required is not the same as that necessary to raise it from o° to 1°, but is about thirty times less. The lower the initial temperature of the copper, the less is the heat necessary, without any assignable limits. This fact not only contradicts our accepted ideas, but also is diametrically opposed to the demands of the classical ideas. For though man had learnt, more than a hundred years ago, to differentiate between temperature and quantity of heat, the kinetic theory of matter led to the deduction that the two quantities, though not exactly proportional, moved more or less parallel to one another.The quantum hypothesis has fully explained this difficulty and, at the same time, has given us another result of great importance, namely, that the forces produced in a body by heat vibrations are of exactly the same type as those set up in elastic vibrations. With the help of the quantum hypothesis, the heat energy at different temperatures of a body containing atoms of one sort only can be calculated quantitatively from a knowledge of its elastic properties— the classical theory was very far from accomplishing this. A  large number of further ques­tions arise from this, questions which at first sight seem very strange, such as, for example, whether the oscillations of a tuning-fork are absolutely continuous, or whether they follow the nature of quanta. Indeed, in sound waves, the energy quanta are extremely small, on account of the relatively small frequency of the waves; in the case of a', for example, they are of the order of three quadrillionths of work units in absolute mechanical units. The ordinary theory of elasticity would, therefore, need just as little alteration on account of this, as it needs on account of the circumstance that it looks on matter as completely continuous, whereas, strictly speaking, matter is of an atomic, that is, of a quantum nature. But the revolutionary nature of the new development must be evident to everybody,



53and though the form of the dynamical quanta may for the present remain rather mysterious, the facts available to-day leave no doubt as to their existence in some form or other. For that which can be measured, exists.Thus, in the light of modern research, the physical world- picture begins to show an ever-increasing connection between its separate parts and at the same time a certain definite form: the refinement of the parts appeared to have been missing from the earlier less detailed view and must have remained con­cealed. But, the question can always be repeated afresh: How far does this progress fundamentally satisfy our desire for knowledge? By refining our world-picture, do we attain a clearer understanding of Nature itself? Let us now consider briefly these important questions. Not that I shall say anything essentially new about this matter, with its manifold aspects, but because at present opinions are so divided on some things, and because all who take a deep interest in the real aims of science must take one side or the other.Thirty-five years ago Hermann von Helmholtz reached the conclusion that our perceptions provide, not a representation of the external world, but at most only an indication thereof. For we have no grounds on which to make any sort of com­parison between the actualities of external effects and those of the perceptions provoked by them. All ideas we form of the outer world are ultimately only reflections of our own percep­tions. Can we logically set up against our self-consciousness a “ Nature” independent of it? Are not all so-called natural laws really nothing more or less than expedient rules with which we associate the run of our perceptions as exactly and con­veniently as possible? I f  that were so, it would follow that not only ordinary common sense, but also exact natural research, have been fundamentally at fault from the beginning; for it is impossible to deny that the whole of the present-day develop­ment of physical knowledge works towards as far-reaching a separation as possible of the phenomena in external Nature from those in human consciousness.The way out of this awkward difficulty is very soon evident if one continues the argument a step further. Let us assume that



54a physical world-picture has been discovered which satisfies all claims that can be made upon it, and which, therefore, can represent completely all natural laws discovered empirically. Then it can in no way be proved that such a picture in any way represents “ actual”  Nature. However, there is a converse to this, and far too little emphasis is usually laid on it. Exactly similarly, the still more daring assertion cannot be disproved, that the assumed picture represents quite accurately actual Nature in all points without exception. For, to disprove this, one must be able to speak of actual Nature with certainty, which is acknowledged to be impossible.Here yawns an enormous vacuum, into which no science can penetrate; and the filling up of this vacuum is the work, not of pure, but of practical reason; it is the work of a healthy view of the world.However difficult it may be to prove scientifically such a view of the world, one can build so well on it, that it will stand un­perturbed by any assaults, so long as it is consistent with itself and in agreement with the observed facts. But one must not imagine that advance is possible, even in the most exact of all natural sciences, without some view of the world, i. e. quite without some hypotheses not capable of proof. The theorem holds also in physics, that one cannot be happy without belief, at least belief in some sort of reality outside us. This undoubting belief points the way to the progressing creative power, it alone provides the necessary point of support in the aimless groping; and only it can uplift the spirit wearied by failure and urge it onwards to fresh efforts. A  research worker who is not guided in his work by any hypothesis, however prudently and pro­visionally formed, renounces from the beginning a deep under­standing of his own results. Whoever rejects the belief in the reality of the atom and the electron, or in the electro-magnetic nature of light waves, or in the identity of heat and motion, can most certainly never be convinced by a logical or empirical contradiction. But he must be careful how, from his point of view, he makes any advance in physical knowledge.Indeed, belief alone is not enough. It is shown in the history of every science how easily it can lead to mistakes and deterior-



55ate into narrow-mindedness and fanaticism. To remain a trust­worthy guide, it must be continually verified by logic and experience, and to this end the only ultimate aid is conscien­tious and often wearisome and self-denying effort. He is no scientist who is not at least competent and willing to do the lowliest work, if  necessary, whether in the laboratory or in the library, in the open air or at the desk. It is in such severe sur­roundings that the view of the world is ripened and purified. The significance and meaning of such a process can only be realized by those who have experienced it personally.



Dynamical Laws and 
Statistical Laws

Conscientiousness and truth are as necessary in research in pure science as in practical life. The experimenter must not be blinded by the first results of a new intellectual discovery and must not neglect to prove conscientiously and thoroughly the results obtained in his researches. He must keep his mind fixed firmly on his original starting-point and the methods he employs. It may happen in a day that his hardly-won position is assailed and made untenable against severe criticism. There­fore, the experimenter cannot afford to close his eyes to a new discovery, obtained from another point of view, which will not fit in with his own ideas, nor must he treat it as unimportant, if  not incorrect.Such unforeseen and unexpected discoveries occur in all sciences, particularly when they are permeated with the spirit of youth. For every science, not even excluding mathematics, is to some extent the result of observation, whether the subject be natural or intellectual. The chief problem in every science is that of endeavouring to arrange and collate the numerous individual observations and details which present themselves, in order that they may become part of one comprehensive picture.Now, considering the different subjects comprised in the various branches of science, their laws are by no means so diverse in their natures as might appear from a glance at the marked contrasts presented, for example, by questions in his­tory and physics. At least it would be quite incorrect to look for a fundamental difference in the fact that in the domain of natural science a law must everywhere, without exception, be absolute, and the sequence of phenomena certain. In intellec­tual work, however, the pursuit of causal relations leads, here56



57and there, always through something arbitrary and casual. O n the one hand, every scientific thought involves the necessity of assuming a fixed absolute law raised above arbitrariness and chance to the highest level of the human intellect. O n the other hand, even physics, the most exact of natural sciences, has frequently to deal with phenomena which cannot for the present be connected by any law, and which therefore may be con­sidered accidental in a certain sense of the word.Let us consider for a moment, as a special example, the behaviour of radio-active atoms according to the accepted dis­ruption hypothesis of Rutherford and Soddy. How is it that a definite Uranium atom, after having remained completely unaltered and passive for untold millions of years, suddenly, in an immeasurably short space of time, without any determinable cause, explodes with a violence, compared with which our most powerful explosives are like toy pistols? It sends off fragments of itself with velocities of thousands of kilometres per second, and at the same time emits electro-magnetic rays of greater intensity than the hardest Röntgen rays, while another atom in its immediate neighbourhood, and to all appearances exactly similar, remains in a passive state for still more millions of years until finally it meets the same fate. In fact, all attempts to affect the course of radio-active phenomena by external means, such as raising or lowering of temperature, have ended in complete failure. It appears, therefore, at present hopeless even to guess at dynamical laws which would account for this. Yet the so- called theory of atomic disruption is of the greatest importance to physical research. It has co-ordinated, from the first, an almost embarrassing number of isolated facts, and has yielded many new results, some of which have been verified experi­mentally in a wonderful way, and others have stimulated new and important researches and discoveries.How is this possible? How can practical laws be derived by considering phenomena the cause of which has, provisionally, to be left completely unexplained? Like the social sciences, physics has learnt to appreciate the great importance of a method completely different from the purely causal, and has applied it since the middle of last century with continually



58increasing success. This is the statistical method, and the newest advances in theoretical physics have been bound up with its development. Instead of seeking, without tangible results, the dynamical laws at present completely unknown to us, which govern a solitary occurrence, observations of a large number of isolated occurrences of a definite kind are collected and an average or mean value obtained. For the calculation of these mean values, certain empirical rules are available, according to the special circumstances of the case. These rules permit the prediction of future occurrences, not with absolute certainty, but with a probability which is often practically equivalent to certainty. This will not be true in all details, but only on the average, and that is usually what is wanted in applications.Though a method which is fundamentally an expedient appears unsuited and unsympathetic to the scientific needs of many workers, who desire principally an elucidation of causal relations, yet it has become absolutely indispensable in practical physics. A  renunciation of it would involve the abandonment of the most important of the more recent advances of physical science. It must also be borne in mind that physics, in the exact sense, does not deal with quantities that are absolutely determined; for every number obtained by physical measure­ments is liable to a certain possible error. Anyone who would only admit actual, definite numbers and not at the same time a possible error, would have to abandon the use of measurements and consequently all inductive knowledge.It is sufficiently evident from the above that, in order to understand the characteristics of any science, it is of the utmost importance to differentiate carefully and fundamentally be­tween the two classes of laws: the dynamical, strictly causal; and the solely statistical. I wish to compare and contrast these laws.We will consider a few observations from everyday life. Let us take two open vertical glass tubes, connect the lower ends with rubber tubing, and pour into one of the tubes a quantity of a heavy liquid, such as mercury. The liquid will flow through the rubber tubing into the second tube, until the level of the surfaces in the two tubes is the same. This condition of equilib-



59rium always returns after any disturbance. If, for example, one tube is suddenly raised, so that the mercury is for an instant raised with it, and consequently is at a higher level in that tube, it will immediately fall again until the surfaces are at the same height again in both tubes. This is the well-known principle on which every syphon action is based.Let us take another example. We take a piece of iron, heated to a high temperature, and throw it into a vessel of cold water. The heat of the iron will be communicated to the water until complete equality of temperature is obtained. This is the so- called thermal equilibrium which will obtain after every disturbance.There exists a certain analogy between the two examples. In each case, a certain difference brings about the variation, in the one case a difference of level and in the other a difference of temperature, and equilibrium is restored when the difference vanishes. Temperature is, therefore, sometimes referred to as level of heat. It can be said that, in the first case, the energy of gravitation, in the second case the energy of heat, flows from the higher level to the lower until the levels are the same.It is no wonder that this analogy of a directing of energy has been explained as the action of a great general “ principle of chance. ” This directing, though with the best intentions, has led to hasty generalizations. The principle makes each change in Nature an exchange of energy, and consider the different forms of energy as independent and of equal value. To each form of energy corresponds a factor of intensity, to gravitation height, to heat temperature, and the difference of these factors will determine the workings of chance. The confidence with which the general validity of this theorem was proclaimed is due to its simplicity and it was inevitable that it should appear early in popular expositions and elementary text-books.Actually, the analogy between the two examples is only superficial, and the laws governing them are very widely separated. For, as all our experiences permit us confidently to assert, the first example obeys a dynamical law, the second a statistical one. O r, in other words, that liquid flows from a higher to a lower level is necessary, but that heat flows from a



6oplace of higher temperature to one of lower temperature is only probable.It must be understood that such an assertion, which appears at first sight strange and almost paradoxical, requires to be supported by an enormous number of examples. I will en­deavour to outline the most important of these and at the same time make clear the difference between dynamical and statis­tical laws. In the first place, that it is necessary for the heavy liquid to sink can easily be proved to be a consequence of the principle of conservation of energy. For if the liquid at the higher level rose to a level still higher without any external agency, and the liquid at the lower level sank still further, energy would be created out of nothing, which is contrary to the principle. The second case is somewhat different. Heat could very well flow from the cold water to the hot iron without violating the principle of conservation of energy; for, since heat is itself a form of energy, this principle only requires that the quantity of heat given up by the water is equal to that absorbed by the iron.But the two operations show certain characteristic differences to the unbiased observer. The falling liquid moves faster the further it sinks. When the levels of the liquid are the same, the liquid does not come to rest, but moves beyond the equilibrium position on account of its inertia, so that the liquid originally at the higher level is at a lower level. Now, the velocity will decrease and the liquid will come to rest gradually, and subse­quently the same process is repeated in the reverse direction. I f  all loss of kinetic energy at the air boundaries and that due to friction at the walls of the tube could be eliminated, the liquid would oscillate backwards and forwards indefinitely about its position of equilibrium. Such a process is, therefore, called reversible.It is quite otherwise with heat. The smaller the difference of temperature between the iron and the water, the slower is the transmission of heat from the one to the other, and calculation shows that an infinitely long time elapses before equality of temperature is attained. In other words, there is always a small difference of temperature, however much time has elapsed.



61There can be no talk of oscillation of heat between the two bodies: the flow of heat is always in one direction, and therefore represents an irreversible process.In all physical science there is no more fundamental differ­ence than that between reversible and irreversible processes. The former include gravitation, mechanical and electrical oscillations, acoustic and electro-magnetic waves. They can all be grouped under one single dynamical law— the principle of least action—which embraces the principle of the conservation of energy. Irreversible processes include conduction of heat and electricity, friction, diffusion and all chemical reactions, in so far as they take place with noticeable velocity. To cover these, R . Clausius derived his second law of thermo-dynamics, so exceptionally useful in physics and chemistry. The significance of this law is that it ascribes a direction to each irreversible process. But it was L . Boltzmann who, by the introduction of the atomic theory, explained the meaning of the second law and at the same time all irreversible processes, the peculiarities of which had presented insuperable difficulties of explanation by means of general dynamics.According to the atomic theory, the heat energy of a body is simply the sum total of the extremely small, rapid, unregulated movements of its individual molecules. The temperature corre­sponds to the mean kinetic energy of the molecules, and the transmission of heat from a hot body to a cold body depends upon the fact that the kinetic energies of the molecules are meaned on account of the frequent collisions of the bodies. From this it must not be supposed that when two individual molecules collide, the one with the greater kinetic energy is slowed up and the other accelerated, for if, for example, a rapidly moving molecule of one system is struck obliquely by a slower moving molecule, its velocity must be still further increased, while that of the slower molecule is still further diminished. But, in general, unless the circumstances are very exceptional, the kinetic energies must mix to a certain extent, and this corresponds to an equalizing of the temperatures of the two bodies. All results deduced in this manner agree with observation, particularly in the case of gases.



62 However much discussed and however promising this atomic theory might appear, it was, until recently, regarded merely as a brilliant hypothesis, since it appeared to many far-sighted workers too risky to take the enormous step from the visible and directly controllable to the invisible sphere, from the macrocosm to the microcosm. In order that he should not imperil the acceptance of his observations and calculations, Boltzmann himself did not over-emphasize them. He laid stress on the view that the atomic hypothesis was a mere representation of what took place. To-day we may go further towards comparing the reality with the picture, in so far as it has any meaning at all, from the point of view of the philosopher. For to-day we have a series of experiments which invest the atomic hypothesis with the same degree of certainty as is possessed by the mechani­cal theory of sound, or the electro-magnetic theory of light and heat radiations.According to the theory of chance, inadequately outlined above, the condition of a stationary fluid of uniform tempera­ture must be absolutely invariable; for if no difference of intensity of any sort exists in the fluid, there can be no cause which will bring about any variation. The state of a fluid can be made visible by introducing into a transparent liquid, such as water, a number of minute particles or drops of another liquid, such as gummastic or gamboge. I do not think that any­one who has observed such a preparation through a properly illuminated microscope, can ever forget his first view of the play presented to him. It is a glance into a new world. Instead of the complete tranquillity he expected, he sees an extra­ordinarily lively, gay dance of the small floating particles, in which the smallest behave in the most erratic manner: no trace of any friction in the fluid can be seen; if a particle once comes to rest, another starts the game. One is involuntarily reminded of the frenzied activity of an ant-hill which has been disturbed. But whereas the angry insects gradually calm down and lose their activity towards dusk, the particles under the microscope never show the least signs of fatigue, while the temperature of the liquid remains unaltered—an actual case of perpetual motion, in the most literal sense of this much-used expression.



63The phenomenon described was discovered in the year 1827 by Brown, the English botanist, but it had been deduced by the French physicist Gouy, twenty-five years earlier, from the movements of molecules in a heated fluid. These molecules, themselves invisible, continually collide with particles floating around them (which are visible in a microscope) and are im­pelled along irregular paths. The final theoretical proof of the correctness of this explanation was first given quite recently, when Einstein and Smoluchowski, obtained statistical laws governing the distribution of density, the velocities, the mean free paths, and even the rotations of the microscopic particles, and these laws were most strikingly confirmed quantitatively in all details, particularly through the experimental work of Jean Perrin.There can be no doubt now, in the mind of the physicist who has associated himself with inductive methods, that matter is constituted of atoms, heat is movement of molecules, and con­duction of heat, like all other irreversible phenomena, obeys, not dynamical, but statistical laws, namely, the laws of prob­ability. Indeed, it is difficult to make even an approximate estimate of the probability that heat will travel in the contrary direction, i. e. from the cold water to the hot iron. I f  one draws one letter after another at random from a sack filled with letters, and sets them out in a row in the order in which they are drawn, there is always a possibility that complete words may be formed, even that they will form a poem by Goethe. O r if  a hundred throws are made with a die, no one will dispute the possibility that six will turn up each time without exception, since the result of each throw is independent of the previous one. Should this occur in practice, there is no doubt that every­one would say that there was something wrong, perhaps the die was not quite symmetrical, and no rational person would deny the weight of this observation. For the probability that so exceptional an occurrence should take place under normal circumstances is extremely minute. Yet this is enormously great compared with the probability that heat will flow from a cold to a hot body. We need only consider that in the case of the die, we are dealing with six numbers, consequently with six different



64cases, in the case of the letters, with twenty-six, but in the case of the molecules with many millions in the smallest visible space, and moving with extremely diverse velocities. Thus from the standpoint of practical physics, there is certainly no ground to believe the possibility of a deviation from the general truth of the laws governing radiation of heat.This is certainly not the case with the theory. For it is clear to everybody that there must be an unfathomable gulf between a probability, however small, and an absolute impossibility. This can be demonstrated in particular circumstances. One need only throw the die sufficiently often in order, with greater probability, to expect a hundred consecutive sixes, and one need only persevere sufficiently long at the letter game to obtain a Faust monologue. Still, it is as well that we do not depend solely on these methods, for neither the age of a man, nor probably that of mankind, would be long enough.Whatever the application to physics involves, it is necessary to consider very seriously such infinitesimal probabilities under certain conditions. I f  a powder magazine were to explode with­out any determinable cause, the occurrence would not be ignored. The so-called self-ignition is to be regarded as caused by a very improbable accumulation of dangerous impacts of chemically reacting molecules; the laws governing these mole­cules can only be arrived at statistically. It is obvious that in an exact science such words as certain and sure must be used with great caution, and the importance of the laws of observation must be very moderately assessed. Thus, when considering the laws of physics, or, indeed, any observed law, either dynamical or statistical, we are compelled by theory and experiment alike to make a fundamental difference between necessity and prob­ability. This duality, which has been brought into all physical laws by the introduction of statistical methods, will appear unsatisfactory to many. Accordingly, when it appeared un­suitable, efforts were made to set it aside by denying absolute certainty and impossibility, and substituting great and small degrees of probability respectively. I f  there were no dynamical laws in Nature, but only statistical, the conception of absolute necessity would have no place in physics. Such a view must very



65soon prove to be a mistake as dangerous as it is short-sighted, apart from the fact that all reversible processes, without excep­tion, are governed by dynamical laws, and that we have no reasons for discarding these laws. Physics can no more do without the hypothesis of absolute laws than can any other natural science or human study, for without it the essential foundations of deductions from statistics would be removed, and it is these deductions that we are considering.Yet one considers that the theorems of the calculus of prob­ability are not only capable of, but also require, a strict exposition and rigid proof, and therefore it has always particu­larly attracted prominent mathematicians. I f  the probability that a certain event is succeeded by a certain other event is 1/2, then, it can be said that nothing is known of the occurrence of the second event, except that it will follow in just 50 per cent, of the cases when the first event occurred, and that this per­centage is more nearly obtained the greater the number of cases that are considered. In addition, the calculus of probability furnishes an exact estimate of the deviation from the mean, which is to be expected when the number of observed cases is smaller, i . e. of the so-called dispersion. I f  the observations are in contradiction to the calculated magnitude of the dispersion, it may be safely concluded that an erroneous assumption was made in the premises, a so-called systematic error.To support such far-reaching assertions, very extensive pre­suppositions are naturally essential, and it will be understood that in physics the exact calculation of probabilities is only possible when purely dynamical laws can be assumed to hold in the simplest occurrences, i. e. in the smallest microcosm. Should these laws contradict a single observation through our falli­bility, the hypothesis of their absolute immutability furnishes a necessary firm foundation for the structure of statistics.It appears from these remarks that the duality between statistical and dynamical laws is intimately associated with the duality between macrocosm and microcosm, and this we must regard as a fact substantiated by experiment. Whether satis­factory or not, facts cannot be created by theories, and there is no alternative but to concede their appointed places to dynamical



66as well as to statistical laws in the whole system of physical theories.Thus dynamics and statistics cannot be regarded as inter­related. For, whereas a dynamical law completely satisfies the causal requirements and is therefore of a simple character, every statistical law is built up, and it cannot in any way be looked on as definitive, since it always involves the problem of reduction to its simple dynamical elements. The solution of such problems is one of the chief tasks of progressive science. This is as much the case in chemistry as in the physical theories of matter and in electricity. Meteorology may also be mentioned in this connection, for the work of V . Bjerknes provides a scheme of great magnitude to reduce all meteorological statis­tics to their simpler elements, namely, to physical laws. Whether the attempt leads to practical results or not, it must be made at some time, since the essence of all statistics is that while it often has the first, it never has the last, word.As the principle of conservation of energy or the first law of thermo-dynamics occupies the first place among the dynamical laws of physics, so the second law of thermo-dynamics holds a corresponding place among the statistical laws. Although this theorem is a probability theorem, and, in consequence, one often speaks of limits to its validity, it can be expressed in an exact and generally valid form. It might be expressed somewhat as follows: All physical and chemical changes of state proceed, on the average, towards states of greater probability. O f  all the states that can be assumed by a system of bodies, the most probable is that in which all the bodies have the same tem­perature. O n this ground only is based the law that heat con­duction always, on the average, tends towards an equalization of temperatures, and also from the higher to the lower tempera­ture. The second law will only allow us to deduce anything with certainty from a single observation if we are certain beforehand that the course of the operation in question is not markedly different from the mean course deduced from a large number of operations in which the initial conditions were the same. To make sure that this condition is satisfied, it is, theoretically, sufficient to introduce the so-called hypothesis of elementary



67disorder. Experimentally, the only method is to repeat the particular observation many times, or to have it done by differ­ent observers, working independently of one another. Such a repetition of a definite experiment, or the arranging of a whole series of experiments, is actually what is done in practical physics. For, in order to eliminate unavoidable errors of observation, no physicist will limit himself to the results of a single experiment.The second law of thermo-dynamics has nothing to do with energy directly. A  good example of a process which need not be accompanied by a transformation of energy is diffusion. Diffusion happens solely because a uniform mixing of two different substances is more probable than a non-uniform mixing. This can, indeed, be subordinated to the conception of energy, by introducing, for this special purpose, the idea of free energy, which permits of a convenient exposition and in many cases simplifies the representation. The method, how­ever, is indirect in so far as free energy can only be understood from its relation to probability.Let us, in conclusion, pause awhile after this rapid survey to consider the laws of phenomena in the intellectual sphere. To a great extent, we find quite similar relations, except that causality is completely eclipsed by probability, the microcosm by the macrocosm. Yet here in all questions extending to the highest problems of intellect and morality, the assumption of absolute determinism is a necessary basis for every scientific investigation. Care must be taken that the normal course of the phenomenon examined is not disturbed by the examination. This is equally true in natural science, but not usually em­phasized on account of its being almost self-evident. When a physicist wants to take the temperature of a body, he does not use a thermometer the introduction of which would alter the temperature of the body. From this point of view the possibility of a completely objective scientific investigation into psycho­logical phenomena only extends to the critical examination of personalities other than the observer, so long as they are inde­pendent of the observer. In so far as it is completely effaced



68from the mind of the investigator, it also extends to the past, but not to the present, nor to the future, which must always be attained through the present. Thought and research are them­selves psychological phenomena in man, and if  the object of the investigation is identical with the investigator, he must change continually as his knowledge advances.It is, therefore, quite useless to treat exhaustively the phenom­ena of the future from the standpoint of determinism, and with it to wish to fix the conception of moral freedom. Self- determination is given to us by our consciousness and is not limited by any causal law, and he who considers it logically irreconcilable with absolute determinism in all spheres of philosophy, makes a great mistake of the same nature as that made by the physicist already referred to, who does not take adequate precautions to eliminate errors in his observations, or a mistake such as a physiologist would make if  he examined himself in order to study the functioning of a muscle in anatomy.Science thus fixes for itself its own inviolable boundaries. But man, with his unlimited impulses, cannot be satisfied with this limitation. He must overstep it, since he needs an answer to the most important, and constantly-repeated question of his life: What am I to do? —And a complete answer to this question is not furnished by determinism, not by causality, especially not by pure science, but only by his moral sense, by his character, by his outlook on the world. Conscientiousness and truth are the ideals that will lead him along the true path in life as in science. They will guarantee him, not necessarily brilliant results, but the highest good of humanity, namely, inward peace and true freedom.



The Principle of Least Action

As long as physical science exists, the highest goal to which it aspires is the solution of the problem of embracing all natural phenomena, observed and still to be observed, in one simple principle which will allow all past and, especially, future occur­rences to be calculated. It follows from the nature of things, that this object neither has been, nor ever will be, completely attained. It is, however, possible to approach it nearer and nearer, and the history of theoretical physics shows that already an extensive series of important results can be obtained, which indicates clearly that the ideal problem is not purely Utopian, but that it is eminently practicable. Therefore, from a practical point of view, the ultimate object of research must be borne in mind.Among the more or less general laws, the discovery of which characterize the development of physical science during the last century, the principle of Least Action is at present certainly one which, by its form and comprehensiveness, may be said to have approached most closely to the ideal aim of theoretical inquiry. Its significance, properly understood, extends, not only to mechanical processes, but also to thermal and electro­dynamic problems. In all the branches of science to which it applies, it gives, not only an explanation of certain character­istics of phenomena at present encountered, but furnishes rules whereby their variations with time and space can be completely determined. It provides the answers to all questions relating to them, provided only that the necessary constants are known and the underlying external conditions appropriately chosen.This central position attained by the principle of least action is, however, not even to-day quite undisputed; for a long time69



70the principle of conservation of energy has been a keen com­petitor. The latter governs in a similar manner the entire range of physics and certainly possesses the advantage of being more easily explained. It is, therefore, advisable to examine briefly the relative positions of these two principles.The principle of conservation of energy can be derived from the principle of least action and is consequently contained in it. The converse is, however, not true. Accordingly, the former is the more particular, and the latter the more general principle. As an illustrative example, let us consider the motion of a free particle under no forces. According to the principle of con­servation of energy, such a particle moves with constant velocity, but nothing is said concerning the direction of the velocity, since kinetic energy does not depend on direction. The path of the particle could, for example, be rectilinear or curvilinear. O n the other hand, the principle of least action demands, as we shall show in detail below, that the particle must move in a straight line.Now in this simple example an attempt could be made to extend the principle of conservation of energy by making certain simple assumptions, such as that not only the total kinetic energy of the moving particle remain constant, but that also the component of the energy along a certain given direction in space be constant. Such an extension would be foreign to the principle of energy and would be difficult to apply to more general problems. In the case of the spherical pendulum, that is a heavy particle in motion on a fixed sphere, this principle could only furnish the following solution. During the upward motion, the kinetic energy decreases in a certain manner, and increases during the downward motion. The path of the particle cannot however be determined, whereas the principle of least action completely solves all questions bearing on the motion.The reason for the difference in the results derived from the two principles lies in the fact that when applied to any problem, the principle of conservation of energy furnishes one equation only, while it is necessary to obtain as many equations as there are independent variables in order to determine the motion completely. Thus in the case of the free particle three equations



7 1are needed, and in that of the spherical pendulum two. Now, the principle of least action furnishes, in every case, as many equations as there are variables. Moreover, it enables several equations to be embraced in one formula, as it is a variations principle, as opposed to the principle of energy.From the infinite number of virtual motions imaginable under the given conditions, it indicates a quite definite motion by means of a simple criterion, and shows that this is the actual motion. The criterion is that in the transition from the actual motion to an arbitrary motion infinitesimally close to it, or more accurately, for every infinitesimally small variation of the given motion consistent with the given conditions, a certain function characteristic of the variation vanishes. By this means one equation is derived from every independent variable, as in the case of a maximum or minimum problem.Now, it must be understood that the principle of least action only attains a definite significance when we have given to us the prescribed conditions with which the virtual motions must be consistent, as well as the characteristic functions which vanish for every arbitrary variation of the actual motion. The problem of determining the correct conditions always forms the essential difficulty in formulating the principle of least action. However, it must be obvious that the idea of combining into one variations principle a number of equations, necessary for defining the motion of any complicated mechanical system is in itself of great importance and represents an appreciable advance in theoretical research.In this connection mention may certainly be made of Leibniz’s theorem, which sets forth fundamentally that of all the worlds that may be created, the actual world is that which contains, besides the unavoidable evil, the maximum good. This theorem is none other than a variations principle, and is, indeed, of the same form as the later principle of least action. The unavoidable combination of good and evil corresponds to the given conditions, and it is clear that all the characteristics of the actual world may be derived from the theorem, even to the details, provided that, on the one hand the standard for the quantity of good, and on the other hand the given conditions,



72be rigidly defined along mathematical lines—the second is just as important as the first. Before, however, we can hope to derive important results from the principle we must advance still further. First of all, the characteristic quantity, which vanishes in the case of the actual motion, must be investigated and understood. We may proceed from two different points of view. According to one, the characteristic function is referred to an isolated time point or to an infinitesimal time element; accord­ing to the other, it is referred to a finite time interval during the motion. We arrive at two different classes of variations prin­ciples according as to whether we decide to adopt the one or the other standpoint.To the first class belong Bernoulli’s Principle of Virtual Dis­placements, d’Alembert’s Principle of Resistance, Gauss’s Principle of Least Constraint, and Hertz’s Principle of the Shortest Path. All these principles may be considered as differential principles in so far as they apply the characteristic criterion to a property of the motion which is referred to an isolated movement or to a small element of time. In the case of mechanical systems any one of them is completely equivalent to any other and to Newton’s Laws of Motion. But they all suffer the disadvantage that it is only for mechanical systems that they have any significance, and their exposition renders it necessary to introduce special point co-ordinates for the mass sys­tems under consideration, and varies with the choice of co­ordinates. The exposition is usually comparatively complicated.The inconvenience of such mechanical systems of co-ordinates may be overcome if, as a matter of course, the variations prin­ciple be considered as an Integration Principle by referring it to a finite time interval. Then, of all virtual motions, the actual motion is that defined by the property that for any permissible variation from it a certain time integral vanishes. In the most important cases, this condition can be expressed as follows: For the actual motion, a certain time integral, which may be called “ The Magnitude of the Action” * or the “ Action” † of the motion, is less than that of any other motion consistent with the prescribed conditions. Thus, according to Leibniz, the action of† Aktion.* Wirkungsgrösse.



73any single material particle is equal to the time integral of the kinetic energy, or, in other words, the time integral of the velocity.In this manner, the principle of least action can be applied without reference to any special system of co-ordinates, and without pre-supposing any mechanical phenomenon, since only time and energy appear in the expressions. A  special feature appears through the introduction of the time integral, and the presence of this feature has always been, and is even now, considered by many physicists and philosophers to be a criticism to be levelled against the principle of least action as against every other variations principle. Thus, by referring to a finite time interval, the motion at any instant is investigated with the help of a later motion, and present events are in a certain manner made dependent upon later events, and the principle acquires a teleological character. When dealing with the principle of causality, it must be possible to understand and derive all the characteristics of a motion from previous cir­cumstances, without reference to anything that may happen later. This appears not only feasible but a direct logical conse­quence. On the other hand, when seeking the most lucid relations in the system of natural laws, such aids as reference to later events will be considered permissible in the interests of the desired harmony. These may not be directly essential for the complete exposition of natural phenomena, but they might, perhaps, be more convenient to handle, or more easily inter­preted. I would remind you that in order to retain the sym­metry of equations in mathematical physics, it oftens happens that the quantities to be determined are not expressed in terms of the independent variables themselves. O n the contrary, one or more superfluous variables are often introduced in order to utilize the great practical advantages of symmetry.Since Galileo’s time, physics has achieved its greatest suc­cesses by rejecting all teleological methods. It is justified, there­fore, in definitely opposing all attempts at introducing teleological points of view into the law of causality. However, though the introduction of a finite time integral is unnecessary for formulating the laws of mechanics, yet the integral principle



74should not, as a matter of course, be rejected. The question of its correctness has nothing to do with teleology. It is far more a practical question, and may be thus expressed: does the exposi­tion of the laws of Nature by means of the integral principle accomplish more for the purposes of theoretical physics than other expositions? From the modern standpoint, the answer must be in the affirmative, on account of the fact that the integral principle, as already mentioned, is independent of any special co-ordinates. The modern principle of relativity pro­vides, as we shall see later, a complete explanation, not only of the practical significance, but also of the need for introducing the finite time interval into the fundamental principles of mechanics.In the exposition already given of the principle of least action, no account has been taken of the prescribed conditions of the virtual motions. These are, however, quite as important as the magnitude of the action itself, for the significance of the principle differs with the nature of the prescribed conditions. It is not only a question of how the selection is made, but also of the nature of the motions determined by the choice. This circum­stance was at first overlooked, and many serious errors were thereby introduced. It was a long time before it was clearly explained, and the principle of least action correctly under­stood. I f  the principle be said to have been discovered at this time, the honour should be given to Lagrange. This, however, would be an injustice to other men who had prepared the way for Lagrange to bring the work later to a satisfactory comple­tion. O f  these, the first was Leibniz; indeed, he was the chief, according to a letter dated 1707, the original of which has been lost. Then came Maupertuis and Euler. It was chiefly Moreau de Maupertuis (appointed president of the Prussian Academy of Sciences (1746-1759) by Frederick the Great) who not only recognized the existence and significance of the principle, but used his influence in the scientific world and elsewhere to pro­cure its acceptance. Maupertuis repeatedly announced in different forms, his principle of Mitwelt, and zealously defended it against what were often authoritative criticisms. The zeal with which he did this rose at times to fanaticism, and was quite disproportionate to the scientific value of the enunciation con-



75sidered most suitable by him. It is impossible to reject the idea that his energetic adherence to really unattainable theses, arose not alone from scientific conviction, but at least equally from a firm intention to ensure for himself, at all costs, the prior claim to the discovery of what he regarded as his most important work. This is especially shown in the passionate attempts he made to dispute Leibniz’s letter (already referred to) when it was produced by Professor Samuel König in 1751— attempts which almost led him to abuse the high position he occupied. Human weakness and vanity have hardly ever been more severely punished than in the case of the president of the Berlin Academy. His varying fortunes, which occasionally induced the great royal philosopher to interfere, have been repeatedly described in detail by historians and in technical literature by A. Mayer (1877), H . von Helmholtz (1887), E. du Bois- Reymond (1892), and H . Diels (1898). An account of the dis­cussion, from the standpoint of the general development of mathematical science, is given in Cantor’s “ History of Mathe­matics, ” and its significance for the Berlin Academy is dealt with in Harnack’s history of the Academy.Maupertuis’s exposition of the principle of least action asserted no more than “ that the action applied to bring about all the changes occurring in Nature is always a minimum. ”  Strictly, this formulation does not admit any conclusions to be drawn regarding the laws governing the changes, for as long as no statement of the conditions to be satisfied is made, no deduc­tions can be made as to how the variations are balanced. Maupertuis had not the faculty of analytical criticism necessary to discern this want. The failure will be more easily understood when it is realized that Euler himself, a brilliant mathematician, did not succeed in producing a correct formulation of the principle, though he was assisted by many colleagues and friends.Maupertuis’s real service consisted in his search for a prin­ciple that would be, above all, a minimum principle. That was the real object of his investigation. To this end he made use of Fermat’s principle of quickest arrival, although its bearing upon the principle of least action was very indirect and, at all events, unknown to the physics of his time. The interest in the



76principle of least action was fundamentally based upon the metaphysical idea that the rule of the Deity reveals itself in Nature. Therefore, every natural occurrence is founded on an intention which is directed to a certain end, and which indicates the most direct way and the most suitable methods towards attaining this end.How inadequate, and even misleading, teleological methods can be, is best realized from the fact that, from a general point of view, the principle of least action is not, strictly speaking, a minimum principle at all. Thus, the statement that the path of a particle, free to move without friction on a sphere, is the shortest line joining its initial and final positions, is not true if the path is longer than the semi-circumference of a great circle on the sphere. Beyond the semi-circumference, therefore, Divine foresight cannot operate. Still more striking is the fact that when considering non-holonomous systems, the virtual motions bear no relation to the possible motions, and thus the minimum condition loses all its significance.In spite of all this, however, it must be borne in mind that the strong conviction of the existence of a close relation between natural laws and a higher will has provided the basis for the discovery of the principle of least action. Provided, of course, that such a belief is not confined within too narrow limits, it certainly does not admit of proof, but, on the other hand, it can never be disproved, for then one could ultimately ascribe any contradiction to an incomplete formulation.J .  L . Lagrange was the first to express correctly the principle of least action (1760). Thus—of all the motions that may bring a system of material particles from a certain initial position to a given final position (the total energy remaining constant), the actual motion is that for which the action is a minimum. The virtual motions must, therefore, satisfy the principle of energy. They may, on the other hand, take any arbitrary time. Accord­ing to this conception, the path of a particle is that along which it will reach its final position in the shortest time, if  it move with constant velocity, and if  frictional forces be absent. Thus, the path is the line of shortest length, that is, for a free particle a straight line.



77Later, C . G . J .  Jacobi and W. R . Hamilton showed that the principle admitted of other representations. Hamilton’s exposi­tion was of great importance from the standpoint of future developments. According to him, the total energy of the virtual motions to be compared need not remain constant, but the motions must take place in the same time. Then, however, the action which is a minimum for the actual motion, must not be expressed by Maupertuis’s time integral of the kinetic energy, but by the time integral of the difference of kinetic and poten­tial energies. Applying this method to the above example of a particle in motion when not affected by frictional forces, the principle shows that of all the possible curves, the actual path is that along which the particle reaches its final position in a given time with the least velocity, again the line of shortest length.In a characteristic way, the principle of least action did not at first exercise an appreciable effect on the advance of science, even after Lagrange had completely established it as a part of mechanics. It was considered more as an interesting mathe­matical curiosity and an unnecessary corollary to Newton’s laws of motion. Even in 1837 Poisson could only call it “ a use­less rule. ”  It was in the investigations of Thomson and Tait, G . Kirchhoff, C . Neumann, L . Boltzmann and others that the principle first proved itself to be an excellent method for solving problems in hydro-dynamics and elasticity. While the usual methods of mechanics sometimes worked with difficulty and at other times refused to work, a revolution was in the making— the value of the principle began to be realized. In 1867 Thomson and Tait wrote concerning it, “ Maupertuis’s celebrated prin­ciple of least action has been, even up to the present time, regarded rather as a curious and somewhat perplexing property of motion than as a useful guide in kinetic investigations. We are strongly impressed with the conviction that a much more profound significance will be attached to it, not only in abstract dynamics, but in the theory of the several branches of physical science now beginning to receive dynamic explanation. ”It was also shown that when applying the principle, especially when defining the prescribed conditions of the virtual motions,



78particular care was necessary if errors were to be avoided. For example, when considering the irrotational motion of an inviscid fluid round a solid body, it is, in general, not sufficient to assume the initial and final positions of the body given, the initial and final positions of the fluid elements must also be given. H . Hertz made an error of another type, in the intro­duction to his mechanics, when he applied the principle of least action to investigate the motion of a sphere rolling on a horizontal plane, and assumed for the virtual displacements certain conditions not allowed when dealing with non-holono­mous systems. O . Holder and A . Voss did much to make this problem clear.The fundamental significance of the principle of least action, as a general principle, was first understood when it was realized that it could be applied to systems whose mechanism was either entirely unknown, or so complicated that they could not be considered by means of ordinary systems of co-ordinates. After L . Boltzmann and later R . Clausius had perceived the close relation between the principle and the second law of thermo-dynamics, H . von Helmholtz gave, for the first time, a complete and systematic summary of such applications of the principle as were possible at the time to the three great branches of physics— mechanics, electro-dynamics, and thermo­dynamics. This was a surprising achievement in view of the comprehensiveness of the range covered.For his calculations, Helmholtz chose Hamilton’s form of the principle as being the most convenient, and made some exten­sions of a formal nature. He used the term kinetic potential to denote the quantity the time integral of which was what Hamilton called the action. He thus retained the hypothesis that the principle was fundamentally a mechanical one. This limitation, however, was somewhat of a retrogression, since it was not necessary to consider the mechanical constitution of several of his systems, such as galvanic streams and magnets. On the other hand, Helmholtz accomplished the deciding act, in that he did not derive his kinetic potential from the difference of the kinetic and potential energies as had hitherto been done, but he set forth the kinetic potential as the primary quantity,



79and thus determined the magnitude of the energy and all the remaining laws of motion.The chief consequence of this new method of considering the question was an immediate generalization of some importance. The kinetic potential is not only the analytical form of the energy, but gives also its magnitude, which varies according to the choice of the independent variable. For example, some of the equations of motion can be used in order to reduce the number of independent variables. The variables eliminated have then disappeared from the principle entirely and may be said to correspond to the concealed motion. In each such case, the kinetic potential assumes a different magnitude, and thus are explained, for example, the expressions derived for the potential in thermo-dynamics which differ with the choice of the independent variable. Helmholtz showed how these differ­ent expressions are inter-related, and follow from one another; he also showed that the kinetic potential can assume a form in which it appears no longer as the difference between the kinetic and potential energies. This result demonstrated at once the universality of the principle, for outside the range of mechanics the distinction between kinetic and potential energies is no longer possible, and, therefore, the possibility of deriving the kinetic potential uniquely from the energy disappears, while in each case the converse is simple.Although it had been possible for Helmholtz to hold fast to the assumption (at least in principle) that all physical phe­nomena can ultimately be reduced to the motions of simple particles, considerable doubt has since been thrown on the validity of the assumption, at least as far as electro-dynamics is concerned. There is no doubt, however, from all the results hitherto obtained, that the principle of least action has been proved to be applicable and useful in physics outside the range of mechanics, especially in the electro-dynamics of absolute vacuum. Without making use of any mechanical hypothesis, J .  Larmor (1900), H . Schwarzschild (1903), and others have derived the fundamental equations of electro-dynamics and electron theory from the Hamiltonian principle.Thus the development of the principle of least action has



8ofollowed along similar lines to that of the principle of conserva­tion of energy. The latter was also originally regarded as a mechanical principle, indeed its general validity was directly considered, for a long time, to be a suitable basis of the mechani­cal view of Nature. To-day, the mechanical conception of Nature has lost ground, while there has never been any occasion to doubt the universality of the principle of energy. Anyone desiring to regard the principle of least action as mechanical would to-day have to apologize for doing so.The most brilliant achievement of the principle of least action is shown by the fact that Einstein’s theory of relativity, which has robbed so many theorems of their universality, has not dis­proved it, but has shown that it occupies the highest position among physical laws. The reason for this is that Hamilton’s “ Action” (not Maupertuis’s) is an invariant with respect to all Lorentz transformations, that is, it is independent of the system of reference of the observers. This fundamental characteristic gives a far-reaching explanation of the striking circumstance (and at first sight unfortunate) described on page 72, namely, that “ action” refers to a time interval, and not to an instant of time. In the theory of relativity time plays a part analogous to space. According to the theory of relativity the problem of determining the state of a system of bodies in different positions at any time from the state in different positions at any given time is exactly similar to the problem of determining the state at different times in all positions from the state of the system at different times in any given position. Though the first problem is usually regarded as the real problem of physics, yet, strictly speaking, there is in it a certain arbitrariness and unreal limitation, which only finds a historical explanation in the fact that its solution is, in the majority of cases, of greater use to humanity than that of the second. Now, just as the calculation of the action of a system of bodies necessitates an integration over the space occupied by the bodies, the action must contain also a time integral in order that no priority is given to space over time, for space and time together constitute the universe to which the action relates.As in the case of the principle of least action, the principle of



81the conservation of energy has also a special position in the theory of relativity. Energy is, however, not an invariant with reference to Lorentz transformations any more than it was earlier with respect to Galileo’s transformations. For in energy time plays the more important part. The corresponding prin­ciple into which space enters is the principle of conservation of momentum. The principle of least action stands superior to both, even when considered together, and it appears to govern all the reversible processes of Nature. Nevertheless, it offers no explanation for irreversibility, since according to it, all phe­nomena can proceed backwards or forwards in any direction in space and time. That is why the problem of irreversibility has not been considered in this paper.



The Relation between 
Physical Theories

It is well known that no science develops systematically from one single starting-point according to a definite preconceived plan, but that its development depends upon practical con­siderations and proceeds more or less simultaneously along different lines, corresponding to the many ways of looking at the problems, and to the time and views of the investigator. A science is developed in many places, along many different lines and in many periods of time. It frequently happens that theories are found to be inter-related which were started from essentially different view-points; theories, when extended and completed, turn out to be similar and begin to influence one another, appearing helpful or inimical to each other according to circum­stances. This constitutes the characteristic difference between mathematics and an experimental science. In the former, two different theories are never mutually contradictory, as each is correct—in mathematics it is not possible to contrast theories but only methods; for example, as a matter of course it is impossible for an algebraic theory to contradict a geometrical one, though algebra and geometry have developed quite independently of one another. O n the other hand, in physics as a practical science it has frequently happened and still does happen that two theories, developed independently of one another, come into conflict when extended and must be mutually modified to remain compatible. In this mutual adjustment lies the germ of their further development into a complete unity, since the chief purpose of each science is, and always will be, the unifying of all its great theories into one which will embrace all the problems of that science and afford a solution to all of them. From this point of view it can be said that the science which is82



83nearest its goal is that one which has combined the greatest number of its theories. The history of physics offers numerous instructive examples of this process of mutual adjustment and coalescence. In this short sketch, the historical development will be considered only as far as is necessary, and attention will be drawn chiefly to the present position of the physical theories.Even to-day, physics can be divided into three essentially different groups of theories: mechanics, including elasticity, hydro-dynamics, and acoustics, then electro-dynamics, with mag­netism and optics, and thermo-dynamics. Each of these three groups of theories has retained a certain degree of independence, though there are to-day a large number of points of contact between them, either supplementing or clashing with each other. Thanks to the rapid advance of experimental science, the number of these points of contact is continually increasing.The oldest and first to be developed of the theories of physics is mechanics which, therefore, claimed the attention of all the early thinkers in the subject, and should, according to many physicists, still have the prior claim. It was founded by Galileo and Newton, and brought to its final form by Euler and Lagrange. This branch of physics forms a complete picture, leaving nothing to be desired in rounding off and filling in, and it can emulate a mathematical theory in strictness. It is just in this finality, peculiar to classical mechanics, that lies the impos­sibility of further expansion and development, demanded by the general problem of physics, which has to explain a large number of observations in addition to the phenomena of motion. In fact, the impulse for an extension of mechanics had to come from without, and it came from the electro-dynamical theory. It is of peculiar interest to note how this theory, at first partly depen­dent on the older, more mature, mechanics, gradually drifted away from it, developed along independent lines and finally grew to such an extent that it could exert an almost revolutionary influence on the classical mechanics.Though, as we have said, electro-dynamics developed entirely under the influence of mechanics, its development on the Continent was quite different from that in Britain. In Germany, the method was indicated by Gauss, a mathematician and



84astronomer, who brought electrical phenomena into agreement with Newton’s law of gravitation and, therefore, sought the fundamental theorem of electricity in a generalization of Newton’s law of distance effect. According to him, the element in electro-dynamics was a quantity of electricity of electric mass which is a counterpart of ponderable mass, and the general fundamental theorem in electricity differs from the Newtonian law in that the force exerted by two electrical elements on one another, besides depending on the magnitudes of, and distance between, the elements, involves their signs and velocities. Definite forms of such a fundamental electrical law were advanced by W . Weber, B. Riemann, and R . Clausius. The development of electro-dynamics followed quite different lines in England, where Faraday impressed upon it the mark of his genius, in that he studied electrical phenomena directly without being in any way influenced by mathematics or astronomy, and so brought them into line with elasticity. He considered as the unit not the electric charge but the electric lines of force that run from one charged body to another, and which correspond to mechanical stresses in the intervening medium; a direct distance effect is thus entirely excluded. Subsequently, Maxwell expressed Faraday’s hypothesis in mathematical form, employ­ing mechanical conceptions totally different from those used by Gauss. This theory proved itself equal, and later superior, to all distance theories, and the differences came in that part most intractable to classical mechanics, that dealing with phenomena in a pure vacuum.It is true that an absolute vacuum cannot be obtained in Nature, but many experiments, such as Fizeau’s optical measure­ments, have shown that electrical phenomena, particularly optical ones, in a very rarefied gas are completely independent of the nature of the gas, so that in practice an absolute vacuum can be said to exist for the purposes of physics. Here the distance theories fail, unless the complicated assumption, foreign to the idea of distance effect, is made that the pure vacuum can be polarized, whereas Maxwell’s theory assumes the most simple and clear form for this simplest of all media.Now, while Maxwell’s equations obtained their signal



85triumph on this question, as time went on greater difficulties arose in connection with the numerous investigations into the mechanical foundations of these equations, which presuppose the existence of a material substratum, viz. light-ether. To-day, it is generally accepted that an absolutely rigid mechanical theory of ether consistent with Maxwell’s simple equations can­not be countenanced and this makes a gap between classical mechanics and electro-dynamics that cannot be bridged. It only remains to define exactly the range of applicability of the two theories or to modify one of them. The former soon proved to be impracticable, for mechanics and electro-dynamics over­lapped on the question of motion of electrons and the manner of settling the controversy was shown for the first time by the dis­covery of deviations from the laws of classical mechanics, the deviations finding expression in the variable inert mass of the electron. Einstein’s theory of relativity contains a simple, complete solution of the problem of reconciling mechanics and electro-dynamics in a quite general way, in so far as it retains the practical essentials of the classical theory and still fulfils the demands of electro-dynamic calculations. The modification in mechanics due to the principle of relativity is the introduc­tion of a new universal constant, entirely foreign to classical mechanics, namely, the velocity of light in an absolute vacuum.While mechanics and electro-dynamics are preparing to com­bine under the banner of the principle of relativity into a unified theory, which I shall call dynamics in the following, there remains the last great problem of theoretical physics, viz. the correlation of dynamics with the theory of heat; a problem that has already been taken in hand successfully but which presents enormously greater difficulties than have previously been encountered, since the nature of the laws which govern dynamics is, in some respects, totally different from that of the laws governing the theory of heat. It is chiefly the ever-recurring characteristics of the irreversibility of all heat phenomena: a characteristic not capable of dynamical explanation. While, in fact, all thermal and chemical actions proceed in one direction only, the sign of the time variable plays no part in the equations of dynamics, i. e. dynamical actions, both mechanical and electro-dynamic,



86can proceed forwards and backwards indifferently. This funda­mental difference was first clearly recognized by R . Clausius, but it was a long time before it was generally appreciated, and even at the present time, experiments are continually being energetically conducted in the interests of the blending, to dis­prove the irreversibility.They find their expression in the second law of thermo­dynamics, which states that in every thermo-chemical process the total entropy of the bodies concerned increases, and remains constant only in the ideal limiting case of reversible actions. The enormous importance of this theorem in heat and physical chemistry lay for some time in its peculiar contrast to the apparently insuperable difficulty of attacking it from a dynam­ical standpoint. It remained for L . Boltzmann to show a promising and, as it seemed, the only solution. Thereby were abandoned all claims to a purely dynamical explanation of the second law, and a purely statistical law was substituted, which embraced all the results of thermal and chemical measure­ments derived from an enormous number of isolated effects. While dynamical laws still hold good for the isolated quantities which represent the reactions between the atoms of a substance, so that for these the sign of the time variable is meaningless, the total magnitudes resulting from the inter-effects of a number of elementary actions form a basis for the laws of probability, which introduce into theoretical physics an element foreign to dynamics. This element is quite independent of dynamics, and, therefore, a new one.From this point of view, the second law of thermo-dynamics appears solely as a law of probability, entropy as a measure of the probability, and the increase of entropy is equivalent to a statement that more probable events follow less probable ones. Thus the sign of the time variable is determined so that the later time is associated with the more probable event.The characteristic of a theorem in probability is that it permits exceptions, and the determination of such exceptions forms an important problem in atomic statistical conception. The investi­gation of the conditions of equilibrium provides the most delicate proof of this. For while in dynamics equilibrium represents a



87condition of absolute invariability, statistical equilibrium is con­tinually varying, more or less significant deviations referred to the so-called equilibrium of motion and, indeed, the magnitude of the mean deviation can be derived quantitatively and exactly from the theorems of probability. In this the statistical theory has established itself most brilliantly.Most startling and most convincing to the unprejudiced investigator is the so-called Brownian movement, in which a fluid of uniform temperature and density at rest shows within it an incessant, extremely lively and confused motion of the small particles in suspension— a condition entirely inexplicable from the view-point of pure dynamics, but capable of attack, even to all the details of the calculation, by the statistical method.Thus is being overcome the marked contrast between dy­namics and thermo-dynamics, originally poles apart, principally by the acceptance of the assumption of absolute legality in all thermal and chemical observations, together with the introduc­tion of the atomic methods which operate with a number of new natural constants, characteristic to themselves— the atomic weights. However, it appears that this is not the only, nor the most difficult, sacrifice which dynamics must offer if  it wishes completely to embrace the theory of heat. It has probably not yet finished with the question of the discontinuity of matter. The laws of heat radiation, specific heat, electron emission, of radio-activity, and yet many other branches are in agreement that not only matter itself, but also the effects radiated from matter (if one can make such a distinction at all) possess dis­continuous properties, which can again be characterized by a new natural constant: the elementary quantum of action. I f  that, too, is so infinitesimally small that the results of classical dynamics for all the greater effects will not be appreciably modified, then, taken as a foundation, it forms a part foreign to the constitution of the accepted theory. Its appearance at first was considered inconvenient, as not only does the significant meaning of the quantum of action almost preclude ease of representation, in contrast with electrons and atoms, which at any rate show certain analogies with celestial bodies, but also (and this is much more important) the place where the quantum



88of action should be introduced cannot be exactly defined. No wonder, therefore, that the classical theories even now oppose with all their might the recognition of this intruder, and that years must elapse before the dual assimilation process is complete.There can be no doubt that the time will come when the chemical atomic weights, as well as the elementary quantum of action, whatever its name or form, will constitute an integral part of general dynamics. Then physical research will be unable to rest until the theory of heat and radiation has been welded into one united theory with mechanics and electro-dynamics.



The Nature of Light

One of the most important branches of work of this society (the Kaiser-Wilhelm-Gesellschaft) is the maintenance of a research laboratory for natural science. The society has, however, dis­covered the old truism that in its own sphere, as in all spheres of work, knowledge must precede application, and the more detailed our knowledge of any branch of physics, the richer and more lasting will be the results which we can draw from that knowledge.In this respect, of all the branches of physics, there is no doubt that it is in optics that research work is most advanced, and, therefore, I am going to speak to you about the Nature of 
Light. I shall doubtless mention much that is familiar to each of you, but I shall also deal with newer problems still awaiting solution.The first problem of physical optics, the condition necessary for the possibility of a true physical theory of light, is the analysis of all the complex phenomena connected with light, into objective and subjective parts. The first deals with those phenomena which are outside, and independent of, the organ of sight, the eye. It is the so-called light rays which constitute the domain of physical research. The second part embraces the inner phenomena, from eye to brain, and this leads us into the realms of physiology and psychology. It is not at all self-evident, from first principles, that the objective light rays can be completely separated from the sight sense, and that such a fundamental separation involves very difficult thinking cannot better be proved than by the following fact. Johann Wolfgang von Goethe was gifted with a very scientific mind (though little inclined to consider analytical methods), and would never see a89



90detail without considering the whole, yet he definitely refused, a hundred years ago, to recognize this difference. Indeed, what assertion could give a greater impression of certainty to the unprejudiced than to say that light without the perceptive organ is inconceivable? But, the meaning of the word light in this connection, to give it an interpretation that is unassailable, is quite different from the light ray of the physicist. Though the name has been retained for simplicity, the physical theory of light or optics, in its most general sense, has as little to do with the eye and light perceptions as the theory of the pendulum has to do with sound perception. This ignoring of the sense- perceptions, this restricting to objective real phenomena, which doubtless, from the point of view of immediate interest, means a considerable sacrifice made to pure knowledge, has prepared a way for a great extension of the theory. This theory has sur­passed all expectations, and yielded important results for the practical needs of mankind.A  very significant discovery relating to the physical nature of light rays was that light, emanating from stars or terrestrial sources, takes a certain measurable time to travel from the position of the source to the place at which it is observed. What is this something which spreads through empty space and moves through the atmosphere at the enormous speed of 300, 000 kilometres per second? Isaac Newton, the founder of classical mechanics, made the most simple and obvious assump­tion that there are certain infinitesimally small corpuscles which are sent out in all directions with that velocity from a source of light, e. g. a glowing body. These particles are different for different colours. This provides a striking proof that a high authority can exercise a hindrance to the development of even this most exact of all natural sciences, for Newton’s emanation theory was able to hold the field for a whole century, although another distinguished investigator, Christian Huygens, had from the first opposed it with his much more suitable undula­tion theory. Huygens did not place the velocity of light on a par with that of wind, as Newton did, but on a par with the velocity of sound, in which the velocity of propagation is something quite different from that of air movements. Consider the air



91surrounding a sounding instrument or the surface of water into which a stone has been thrown. It is not the air or water par­ticles themselves that spread out in all directions with equal velocity, but the intensification and rarefaction, or wave crests and troughs; in other words, it is not with matter itself, but with a certain state of matter that we are concerned. To this end, Huygens formulated an ideal substance, uniformly occupy­ing all space, as a foundation for his theory. This is the light- ether, the waves of which produce light perceptions in the eye, as air waves give rise to sound perceptions in the ear. The wave-length or frequency determines the colour in the same manner as it determines the pitch in sound. After a bitter con­troversy, Huygens’s theory ultimately superseded that of Newton. This was due to the fact, amongst many others, that when two light rays of the same colour are superposed and made to travel on the same path, the intensities are not always simply additive, but under certain conditions the intensity is decreased and may even vanish. This last phenomenon, interference, can be straightway explained on Huygens’s assumption that in every case the wave crests of one ray coincide with the wave troughs of the other ray. Newton’s emanation theory naturally con­tradicts this, since it is impossible for two similar corpuscles travelling with the same speed in the same direction to neutralize one another.A  more significant fundamental view of the nature of light was obtained through the discovery of the identity of light and heat rays, and this was the first step on the way towards the complete separation of the science from the sense-perceptions. The cold light rays of the moon are physically of exactly the same nature as the black heat rays emitted from a stove, except that they are of much shorter wavelength. It is only natural that this assertion at first excited much discussion, and it is characteristic that Melloni, who played a great part in the verification of this fact, set out originally to disprove it. It must be remembered that here, as in all inductive results, a logical and conclusive proof cannot be given; it can only be shown that all laws which hold for light rays, namely those of reflection, refraction, interference, polarization, dispersion, emission, and



92absorption, are also true for heat rays. Whoever refuses to admit the identity of the two kinds of rays in spite of this, could certainly never be accused on this account of a logical fallacy; for he would always maintain that it is still possible in the future for an essential difference to be discovered. The practical weakness of his position is that he is, consequently, compelled to renounce a series of important conclusions immediately de­duced from the theory of identity. He cannot, for example, maintain that moonbeams also carry heat, though this fact would, at present, appear indubitable to all rational physicists, though it has not been specifically proved.Having accepted the identity of light and heat rays, there is no difficulty in connecting the infra-red rays with the chemically active ultra-violet rays at the other end of the spectrum. It was some time later that it was realized that this connection of different kinds of rays was capable of great extension, on both sides of the spectrum. Before such an advance could come about, as a preliminary, a transition from the mechanical to the electro­magnetic theory of light was necessary.In spite of diversity of view, Newton, Huygens, and all their immediate successors were agreed that the clear understanding of the nature of light must be sought in the fundamentals of mechanical science, and this point of view was greatly stimulated by the strengthening of the mechanical theory of heat due to the discovery of the principle of conservation of energy. It is neces­sary for the explanation of polarization that ether oscillations are not longitudinal, moving in the direction of propaga­tion, like air movements in a pipe, but are transversal, perpen­dicular to the direction of propagation, like those of a violin string. But one could get no nearer the nature of these oscilla­tions from the laws of mechanics and elasticity. The more elaborate the hypotheses founded on the mechanical theory of light, whether ether was assumed to be continuous or atomic, the more evident became this inadequacy. At this stage, in the middle of the last century, came James Clerk Maxwell, with his bold hypothesis that light was electro-magnetic. His theory of electricity led him to the conclusion that every electrical distur­bance moved from its source through space in waves with a



93velocity of 300, 000 kilometres per second, and the coincidence of this figure, obtained from purely electrical measurements, with the magnitude of the velocity of light, led him to consider light as an electro-magnetic disturbance. The only proof of the correctness of this view lies in the fact that all deductions made from it agree with observation. The fundamental advance asso­ciated with his suggestion lies in the enormous simplification of the theory and in the number of results that can be immediately derived from it.Now, the nature of electro-magnetic phenomena is no more intelligible than that of optical phenomena. To belittle the electro-magnetic theory of light, on the ground that it simply replaces one riddle by another, is to misunderstand the meaning of the theory. For its importance rests on the fact that it unites two branches of physics, which previously had to be treated as independent, and that, therefore, all theorems which are valid for one branch, are applicable to the other—a result which the mechanical theory of light did not, and could not, give. Before the introduction of the electro-magnetic theory, physics was divided into three separate branches—mechanics, optics, and electro-dynamics, and the unification of these is the ultimate and greatest aim of physical research. Though optics cannot be associated with mechanics, it combines completely with electro­dynamics, and thus the number of independent branches has been reduced to two— the penultimate step towards the unifica­tion of the physical world picture. When and how the last step will be made, the linking up of mechanics and electro-dynamics, cannot be said, and though many clever physicists are at present occupied with this question, the time does not yet seem ripe for the solution. However, the original mechanical comprehension of Nature, which will allow the coalescing of mechanics and electro-dynamics, has now been thrust into the background in the minds of most physicists, since it regards ether, or, if ether is not sufficient, some substitute as the medium of all electrical phenomena. That which has harmed it most is the result, deduced from Einstein’s theory of relativity, that there can be no objective substantial ether, i . e. one independent of the observer. For, if that were not so, then when we consider two



94observers moving relative to one another in space, one at most could correctly assert that he was at rest relative to the ether, whereas, by the theory of relativity, each of the two could do so equally correctly.What Maxwell could only prophecy, Heinrich Hertz was able to verify a generation later, when he showed how to produce the electro-magnetic waves calculated by Maxwell, and thereby ensured the final acceptance of the electro-magnetic theory of light, according to which electric waves only differ from heat and light rays in that they have very much greater wave-length. I f  the optical spectrum were extended on the side of the slow oscillations in a manner undreamt of at one time, the extension would be of equal importance with that made on the other side of the spectrum through the discovery of the Röntgen rays and the appreciably faster so-called Gamma rays of radio-active substances. These rays, too, have the character of light waves, and are electro-magnetic oscillations, but have a very much shorter wave-length. Laue’s very recent discovery of interference phenomena with Röntgen rays has confirmed the belief that they obey the same laws. It is remarkable how simply and quietly the transition from the mechanical to the electro­magnetic theory was made in physical literature. This is a good example of the fact that the kernel of a physical theory is not the observations on which it is built, but the laws to which they give rise. The fundamental equations of optics remain unaltered: they have always been in agreement with observation, but they are no longer to be interpreted mechanically (although they were thus derived) but electro-magnetically, and this has increased enormously their range of application.This is not the first time that an important goal has been reached by a path which has afterwards been proved to be untrustworthy. It would have been possible to seek a solution by supposing that the theory would have been better had it abstained, in general, from making special hypotheses, based on immediate observations, and to limit oneself to the pure facts, i . e. to the results of measurements. However, the theory would thus surrender the most important aid, absolutely necessary to its development, namely, the setting up and consistent expansion



95of ideas which lead to progress. For this, not only understanding, but also imagination is necessary. As it is, the mechanical theory of light has done its duty. Without it the present brilliant results of optics would not have been obtained so quickly.Huygens’s undulation theory has not been essentially altered by the electro-magnetic hypothesis, when it states that any disturbance spreads out from its source in concentric spherical waves. But it is electro-magnetic energy and not mechanical energy that is sent out, for an oscillating electric and magnetic field of force appears in place of periodic vibrations of the ether.Considered from this advanced point of view, the study of light, or, as it is often more exactly called, the study of radiant energy, gives us a picture of a gigantic co-ordinated structure, unified and completed. In this, all electro-magnetic oscillations, though apparently of very different kinds, find their proper positions, and all are governed by the same laws of propagation, following Huygens’s wave theory. O n the one hand, we have the Hertzian waves a kilometre long; on the other, the hard Gamma rays, with many milliards of waves to the centimetre. The human eye has no place in this, it appears merely as an accidental and, although very delicate, a very limited piece of apparatus, for it can only perceive rays within a small spectral range of hardly an octave. Instead of the eye, special pieces of apparatus have been devised for receiving and measuring the different wave-lengths of the remainder of the spectrum. Such instru­ments are the wave detector, thermocouple, bolometer, radiom­eter, photographic plate, and the ionic cell. Thus, in optics, the separation of the physical foundations from the sense- perceptions has been accomplished in exactly the same way as in mechanics, where the conception of force has long lost its con­nection with the idea of muscular strength.I f  I had delivered my lecture twenty years ago, I could have stopped here, for no further fundamental discoveries had then been made, and the imposing picture described above would have been a good conclusion which would have made modern physics famous. But probably I should not then have delivered this lecture, fearing that I should be able to present to you too little that was new. To-day it has become quite otherwise, for,



96since that time, the picture has been essentially changed. The proud structure, which I have just described to you, has recently revealed certain fundamental weaknesses, and not a few physi­cists maintain that new foundations are required already. The electro-magnetic theory must always remain untouched, but Huygens’s wave theory is seriously threatened, at least in one essential detail, due to the discovery of certain new facts. Instead of collecting as many as possible of the multifarious facts available, I shall simple examine one of them in detail.When ultra-violet rays fall on a piece of metal in a vacuum, a large number of electrons are shot off from the metal at a high velocity, and since the magnitude of this velocity does not essentially depend on the state of the metal, certainly not on its temperature, it is concluded that the energy of the electrons is not derived from the metal, but from the light rays which fall on the metal. This would not be strange in itself; it would even be assumed that the electro-magnetic energy of light waves is transformed into the kinetic energy of electronic movements. An apparently insuperable difficulty from the view of Huygens’s wave theory is the fact (which was discovered by Philipp Lenard and others), that the velocity of the electrons does not depend on the intensity of the beam, but only on the wave­length, i . e. on the colour of light used. The velocity increases as the wave-length diminishes. I f  the distance between the metal and the source of light is continuously increased, using, for example, an electric spark as the source of light, the electrons continue to be flung off with the same velocity, in spite of the weakening of the illumination; the only difference is that the number of electrons thrown off per second decreases with the intensity of the light.The difficulty is to state whence the electron obtains its energy, when the distance of the source of light becomes ultimately so great that the intensity of the light almost vanishes, and yet the electrons show no sign of diminution in their velocity. This must evidently be a case of a kind of accumula­tion of light energy at the spot from which the electron is flung out—an accumulation which is quite contrary to the uniform spreading out in all directions of electro-magnetic energy



97according to Huygens’s wave theory. However, if it is assumed that the light source does not emit its rays uniformly but in impulses, something like an intermittent light, it follows that the energy of such a flash, spreading outwards in all directions in uniform waves, would finally be distributed over the surface of a sphere so large that the metal considered would receive but little of it. It is easy to calculate that under certain circumstances radiation extending for minutes, even hours, would be necessary for the liberation of one electron with the velocity corresponding to the colour of the light, while, in fact, no limiting condition can be determined, for the duration of radiation necessary to produce the effects; the action certainly takes place with great rapidity. Like ultra-violet rays, Röntgen rays and Gamma rays give us the same effect, though, owing to the very much shorter wave-lengths of these rays, the velocities of the liberated electrons are much greater.The only possible explanation for these peculiar facts appears to be that the energy radiated from the source of light remains, not only for all time, but also throughout all space, concentrated in certain bundles, or, in other words, that light energy does not spread out quite uniformly in all directions, becoming con­tinuously less intense, but always remains concentrated in cer­tain definite quanta, depending only on the colour, and that these quanta move in all directions with the velocity of light. Such a light-quantum, striking the metal, communicates its energy to an electron, and the energy always remains the same, however great the distance from the source of light.Here we have Newton’s emanation theory resurrected in another and modified form. But interference, which was a bar to the further development of Newton’s emanation theory, is also an enormous difficulty in the quantum theory of light, for it is difficult at present to see how two exactly similar light quanta, moving independently in space, and meeting on a common path, can neutralize each other, without violating the principle of energy.From this state of affairs arose the pressing need of the radiation theory for an investigation to find some way out of this dilemma, difficult from all sides. A  natural assumption to



98try is that the energy of the electrons driven off comes from the metal itself and not from the radiation, and, therefore, that the radiation acts merely as a liberator in the same manner that a small spark liberates any amount of energy in a powder cask. But the further assumption would be necessary that the amount of the energy freed depends solely on the manner in which it is freed. It is not difficult to point out somewhat analogous phe­nomena in other branches of physics. As an example, I will consider in greater detail a convenient illustration used by Max Born. Imagine a tall apple tree, all its branches weighed down with ripe fruit, all of the same size, but with stalks of different lengths; the apples are arranged so that those with short stalks are higher than those with long stalks. I f  an extremely weak, uniform wind blows through the branches, all the apples will oscillate slightly, without any one dropping, and the higher apples will oscillate more rapidly than the lower ones. If, now, the tree is shaken very gently with a definite rhythm, resonance will increase the oscillations of those apples whose period agrees with the period of the shaking, and a certain number of these will fall, the number increasing the longer and more forcibly the tree is shaken. These apples will reach the ground with a certain definite velocity determined only by their original height, i . e. by the lengths of their stalks; all the other apples remain on the tree.It must be understood that this comparison, like every other, fails in many respects, since, in this illustration, the source of energy is not internal kinetic energy but gravitation. But the essential point is realized that the final velocity of the particles liberated depends solely on the period of the disturbance, while the intensity of the disturbance determines only the number of these particles.Can one attribute, however, such a complicated structure and such a wealth of energy to a tiny piece of metal? This question is less awkward than would perhaps appear at first. For we have long known that the chemical atom is not by any means the simple invariable element of which all matter is constituted, but rather that every single atom, particularly one of a heavy metal, must be considered as a world in itself, and the farther



99one penetrates, the richer and more varied the structure appears. The energy contained in every gramme of a substance, according to the theory of relativity, amounts to over 20 billion calories, quite independently of its temperature— more than sufficient to liberate countless electrons.Whether this presentation gives a possible way of saving the compromised wave theory, or simply leads ultimately to a blind alley, can only be settled by following the methods of research already outlined and seeing where they end. At this stage we must make use of theory. We must first of all examine more closely each of the two opposing hypotheses, without consider­ing whether or not we have confidence in either of them, and must work out the results and reduce them to a form suitable for experimental verification. For this purpose, in addition to a training in physics and the requisite mathematical ability, it is necessary to have a discriminating judgment of the measure of the reliability that can be placed on the accuracy of the measure­ments; for the effects sought for are mostly of the same order as the errors of observation. It is not possible to-day to predict with certainty when any definite solution to this problem will be obtained.What I have tried to set before you here about the action of light, holds in an exactly similar manner with regard to the cause of light, that is, to the phenomena of generation of light rays. In this also we have new riddles, difficult to unravel, which are at variance with certain surprisingly deep glimpses recently obtained into the laws governing natural phenomena. The only thing that can be said with certainty, is that the quanta, already referred to, play a characteristic part in connection with the origin of light.According to the bold hypothesis of the Danish physicist Niels Bohr, the consequences of which have been astonishingly multiplied recently, electrons oscillate in every atom of an illuminated gas. These electrons circle about the nucleus in a greater or smaller number and at different distances, in certain definite paths and obey the same laws as those governing the motions of the planets about the sun. But light, arising from these oscillations, is not sent out from the atom into surrounding



100space uninterruptedly and uniformly, as are the sound waves from the prongs of a vibrating tuning-fork. The emission of light always takes place abruptly, by impulses, for it is not deter­mined by the regular oscillations of the electrons themselves but is only emitted when these electron oscillations receive a sudden change and a certain disruption in themselves; a kind of internal catastrophe, which throws the electrons out of their original paths into others more stable but associated with less energy. It is the surplus amount of energy liberated by the atom which travels out into space as a light quantum.Indeed, the most remarkable thing about this phenomenon is that the period of the emitted light, and therefore its colour, does not, in general, agree with the period of oscillation of the electrons, either in their original or in their final paths. It is definitely determined by the amount of energy emitted, since the more rapid the oscillations, the greater is the light quantum. It follows that a short wave-length corresponds to a large amount of energy, considered as a light quantum. If, therefore, for example, much energy is emitted, we get ultra-violet or even Röntgen rays; if, however, but little energy is emitted, red or infra-red rays result. It is at present a complete mystery why the oscillations of light produced in this way are, with the utmost regularity, strictly monochromatic.Indeed, we might be inclined to consider all these ideas as the play of a vivid but empty imagination. When, on the other hand, we consider that these hypotheses help us to elucidate the mysterious structure of the spectra of the different chemical elements and, in particular, the complicated laws governing the spectral lines, not only as a whole but, as Arnold Sommerfeld first showed, partly even in minute details, with an exactness equal to, and even surpassing, that of the most accurate measurements—when we consider this we must, for good or ill, make up our minds to assign a real existence to these light quanta, at least at the instant of their origin.What becomes of them later as light disperses—whether the energy of a quantum remains concentrated as in Newton’s emanation theory or whether, as in Huygens’s wave theory, it spreads out in all directions and gets less dense indefinitely—is



101another question of a very fundamental character, to which I have referred above.So the present lecture on our knowledge of the physical nature of light ends, not in a proud proclamation, but in a modest question. In fact, this question, whether light rays themselves consist of quanta, or whether the quanta exist only in matter, is the chief and most difficult dilemma before which the whole quantum theory halts, and the answer to this question will be the first step towards further development.



The Origin and Development

In this lecture I will endeavour to give a general account of the origin of the quantum theory, to sketch concisely its de­velopment up to the present, and to point out its immediate significance in physics.Looking back over the last twenty years to the time when the conception and magnitude of the physical quantum of action first emerged from the mass of experimental facts, and looking back at the long and complicated path which finally led to an appreciation of its importance, the whole history of its develop­ment reminds me of the well-proved adage that “ to err is human. ”  And all the hard intellectual work of an industrious thinker must often appear vain and fruitless, but that striking occurrences sometimes provide him with an irrefutable proof of the fact that at the end of all his attempts, he does ultimately get one step nearer the truth. An indispensable hypothesis, though it does not guarantee a result, often arises from the pursuit of a definite object, the importance of which is not lessened by initial ill-success.For me, such an object has, for a long time, been the solution of the problem of the distribution of energy in the normal spectrum of radiant heat. Gustav Kirchhoff showed that, in a space bounded by bodies at equal temperatures, but of arbi­trary emissive and absorptive powers, the nature of the heat of radiation is completely independent of the nature of the bodies (1).* Later, a universal function was proved to exist, which depended only on temperature and wave-length, and was in no way related to the properties peculiar to any sub­stance. The discovery of this remarkable function gave promise* The numbers in parentheses refer to the notes at the end of the lecture.

of the Quantum Theory

102



103of a deeper understanding of the relationship of energy to tem­perature, which forms the chief problem of thermo-dynamics, and, therefore, also of all molecular physics. There is no way at present available for obtaining this function but to select from all the various kinds of bodies occurring in Nature any one of known emission and absorption coefficients, and to calculate the heat radiation when the exchange of energy is stationary. According to Kirchhoff’s theorem, this must be independent of the constitution of the body.A  body especially suited for this purpose appears to be Heinrich Hertz’s oscillator, the laws of emission of which, for a given frequency, have recently been fully developed by Hertz (2). I f  a number of such oscillators be placed in a space enclosed by reflecting walls, they will exchange energy one with another by taking up or emitting electro-magnetic waves, analogous with a sound source and resonators, until finally stationary black radiation, so-called, obtains in the enclosure according to Kirchhoff’s law. At one time I fostered the hope which seems to us rather naive in these days, that the laws of classical electro­dynamics, if  applied sufficiently generally, and extended by suitable hypotheses, would be sufficient to explain the essential points of the phenomenon looked for, and to lead to the desired goal. To this end, I first of all developed the laws of emission and absorption of a linear resonator in the widest possible way, in fact, by a roundabout way which I could have avoided by using H . A . Lorentz’s electron theory then complete in all fundamental points. But since I did not then fully believe in the electron hypothesis, I preferred to consider the energy flow­ing across a spherical surface of a certain radius enclosing the resonator. This only deals with phenomena in vacuo, but the knowledge of these is enough to enable us to draw the necessary conclusions about the energy changes of the resonator.The result of this long series of investigations was the estab­lishment of a general relation between the energy of a resonator of given period and the radiant energy of the corresponding region of the spectrum in the surrounding field when the energy exchange is stationary (3). Some of these investigations could



104be proved by comparison with available observations, particu­larly the damping measurements of V . Bjerknes, and this is a verification of the results (4). Thus the remarkable conclusion is reached that the relation does not depend on the nature of the resonator, in particular, not upon its damping coefficient—a very gratifying and welcome circumstance to me, since it allowed the whole problem to be simplified in so far that the energy of radiation could be replaced by the energy of the resonator. Thereby a system with one degree of freedom could be substituted for a complicated system with many degrees of freedom.Indeed, this result was nothing but a step preparatory to starting on the real problem, which now appeared more for­midable. The first attempt at solving the problem miscarried; for my original hope proved false, namely, that the radiation emitted from the resonator would, in some characteristic way, be distinct from the absorbed radiation and thus give a differential equation, by solving which it would be possible to derive a condition for the state of stationary radiation. The resonator only responded to the same rays as it emitted, and was not at all sensitive to neighbouring regions of the spectrum.M y assumption that the resonator could exert a one-sided, i. e. irreversible, effect on the energy of the surrounding field of radiation, was strongly contradicted by Ludwig Boltzmann (5). His mature experience led him to conclude that, according to the laws of classical mechanics, each phenomenon which I had considered, could operate in exactly the reverse direction. Thus, a spherical wave sent out from a resonator may be reversed and proceed in ever-diminishing concentric spheres until it shrinks up at the resonator and is absorbed by it, and causes again the energy previously absorbed to be emitted once more into space in the directions along which it had come. Even if, by intro­ducing suitable limits, I could exclude from the hypothesis of “ natural radiation”  such singular phenomena as spherical waves travelling inwards, all these analyses show clearly that an essential connecting link is still missing for the complete under­standing of the problem.No other course remained open to me but to attack the prob-



105lem from the opposite direction, namely, through thermo­dynamics, with which I felt more familiar. Here I was helped by my previous researches into the second law of thermo­dynamics, and I straightway conceived the idea of connecting the entropy and not the temperature of the resonator with the energy, indeed, not the entropy itself, but its second differential coefficient with respect to energy, since this has a direct physical meaning for the irreversibility of the exchange of energy between resonator and radiation. Since at that time I did not see my way clear to go any further into the dependence of entropy and probability, I could, first of all, only refer to results that had already been obtained. Now, in 1899, the most in­teresting result was the law of energy distribution which had just been discovered by W . Wien (6). The experimental proof of this was undertaken by F. Paschen at the Hochschule, Hanover, and by O . Lummer and E. Pringsheim at the Reichsanstalt, Charlottenburg. This law represents the dependence of the intensity of radiation on temperature by means of an exponen­tial function. Using this law to calculate the relation between the entropy and energy of a resonator, the remarkable result is obtained, that R , the reciprocal of the differential coefficient referred to above, is proportional to the energy (7). This exceedingly simple relation is a complete and adequate ex­pression of Wien’s law of distribution of energy; for the depend­ence upon wave-length is always given immediately as well as the dependence upon energy by Wien’s generally accepted law of displacements (8).Since the whole problem deals with one of the universal laws of Nature, and since I believed then, as I do now, that the more general a natural law is, the simpler is its form (though it cannot always be said with certainty and finality which is the simpler form), I thought for a long time that the above relation, namely, that R  is proportional to the energy, should be con­sidered as the foundation of the law of distribution of energy (9). This idea soon proved to be untenable in the light of more recent results. While Wien’s law was confirmed for small values of energy, i. e. for short waves, O . Lummer and E. Pringsheim found large deviations in the case of long waves (10). Finally,



106the observations made by G . Rubens and F. Kurlbaum, with infra-red rays after transmission through fluorspar and rock salt (11), showed a totally different relation, which, under cer­tain conditions, was still very simple. In this case, R  is propor­tional, not to the energy, but to the square of the energy, and this relation is more accurate the larger the energies and wave­lengths considered (12).Thus, by direct experiment, two simple limits have been fixed for the function R , i . e. for small values of the energy it is proportional to the energy, for large values it is proportional to the square of the energy. It was obvious that in the general case the next step was to express R  to the sum of two terms, one involving the first power, the other the second power of the energy, so that the first term was the predominating term for small values of the energy, the second term for large values. This gave a new formula for the radiation (13), which has stood the test of experiment fairly satisfactorily so far. No final exact experimental verification has yet been given and a new proof is badly needed (14).If, however, the radiation formula should be shown to be absolutely exact, it would possess only a limited value, in the sense that it is a fortunate guess at an interpolation formula. Therefore, since it was first enunciated, I have been trying to give it a real physical meaning, and this problem led me to consider the relation between entropy and probability, along the lines of Boltzmann’s ideas. After a few weeks of the most strenuous work of my life, the darkness lifted and an unexpected vista began to appear.I will digress a little. According to Boltzmann, entropy is a measure of physical probability, and the essence of the second law of thermo-dynamics is that in Nature, the more often a condition occurs, the more probable it is. In Nature, entropy itself is never measured, but only the difference of entropy, and to this extent one cannot talk of absolute entropy without a certain arbitrariness. Yet, the introduction of an absolute magnitude of entropy, suitably defined, is allowed, since certain general theorems can be expressed very simply by doing so. As far as I can see, it is exactly the same with energy. Energy itself



107cannot be measured, but only a difference of energy. Therefore, one did not previously deal with energy, but with work, and Ernst Mach, who was concerned to a great extent with the con­servation of energy, but avoided all speculations outside the domain of observation, has always refrained from talking of energy itself. Similarly, at first in thermo-chemistry, one con­sidered heat of reaction, i . e. difference of energy, until William Ostwald emphatically showed that many involved considera­tions could be very much simplified, if one dealt with energy itself instead of calorimetric values. The undetermined addi­tive constant in the expression for energy was fixed later by the relativity theorem of the relation between energy and inertia(15).As in the case of energy, we can define absolute value for entropy and consequently for physical probability, if  the addi­tive constant is fixed so that entropy and energy vanish simul­taneously. (It would be better to substitute temperature for energy here. ) On this basis a comparatively simple combinatory method was derived for calculating the physical probability of a certain distribution of energy in a system of resonators. This method leads to the same expression for entropy as was obtained from the radiation theory (16). As an offset against much dis­appointment, I derived much satisfaction from the fact that Ludwig Boltzmann, in a letter acknowledging my paper, gave me to understand that he was interested in, and fundamentally in agreement with, my ideas.For numerical applications of this method of probability we require two universal constants, each of which has an independ­ent physical significance. The supplementary calculation of these constants from the radiation theory shows whether the method is merely a numerical one or has an actual physical meaning. The first constant is of a more or less formal nature, it depends on the definition of temperature. The value of this constant is 2/3 if temperature be defined as the mean kinetic energy of a molecule in an ideal gas, and is, therefore, a very small quantity (17). With the conventional measure of tem­perature, however, this constant has an extremely small value, which is naturally closely dependent upon the energy of a single



108molecule, and an exact knowledge of it leads, therefore, to the calculation of the mass of a molecule and the quantities depend­ing upon it. This constant is frequently called Boltzmann’s constant, though Boltzmann himself, to my knowledge, never introduced it— a curious circumstance, explained by the fact that Boltzmann, as appears from various remarks by him (18), never thought of the practicability of measuring this constant exactly. Nothing can better illustrate the impetuous advance made in experimental methods in the last twenty years than the fact that since then, not one only, but a whole series of methods have been devised for measuring the mass of a single molecule with almost the same accuracy as that of a planet.While, at the time that I carried out the corresponding cal­culations from the radiation theory, it was impossible to verify exactly the figure obtained, and all that could be achieved was to check the order of magnitude; shortly afterwards, E. Rutherford and H . Geiger (19), succeeded in determining the value of the elementary electric charge to be 4. 65 x 10-10 electro-static units, by directly counting α-particles. The agree­ment of this figure with that calculated by me, 4.69 x 10-10, was a definite confirmation of the usefulness of my theory. Since then, more perfect methods have been developed by E. Regener, R . A . Millikan, and others (20), and have given a value slightly higher than this.The interpretation of the second universal constant o f the radiation formula was much less simple. I called it the elemen­tary quantum of action, since it is a product of energy and time, and was calculated to be 6.55 x 10-27 erg. sec. Though it was indispensable for obtaining the right expression for entropy— for it is only by the help of it that the magnitude o f  the standard element of probability could be fixed for the probability calcu­lations (21)—it proved itself unwieldy and cumbrous in all attempts to make it fit in with classical theory in any form. So long as this constant could be considered infinitesimal, as when dealing with large energies or long periods of time, everything was in perfect agreement, but in the general case, a rift appeared, which became more and more pronounced the weaker and more rapid the oscillations considered. The failure of all



109attempts to bridge this gap soon showed that undoubtedly one of two alternatives must obtain. Either the quantum of action was a fictitious quantity, in which case all the deductions from the radiation theory were largely illusory and were nothing more than mathematical juggling. O r the radiation theory is founded on actual physical ideas, and then the quantum of action must play a fundamental role in physics, and proclaims itself as something quite new and hitherto unheard of, forcing us to recast our physical ideas, which, since the foundation of the infinitesimal calculus by Leibniz and Newton, were built on the assumption of continuity of all causal relations.Experience has decided for the second alternative. That this decision should be made so soon and so certainly is not due to the verification of the law of distribution of energy in heat radiation, much less to my special derivation of this law, but to the restless, ever-advancing labour of those workers who have made use of the quantum of action in their investigations.The first advance in this work was made by A . Einstein, who proved, on the one hand, that the introduction of the energy quanta, required by the quantum of action, appeared suitable for deriving a simple explanation for a series of remarkable observations of light effects, such as Stokes’s rule, emission of electrons, and ionization of gases (22). On the other hand, by identifying the energy of a system of resonators with the energy of a rigid body, he derived a formula for the specific heat of a rigid body, which gives again quite correctly the variation of specific heat, particularly its decrease with decrease of tempera­ture (23). It is not my duty here to give even an approximately complete account of this work. I can only point out the most important characteristic stages in the progress of knowledge.We will now consider problems in heat and chemistry. As far as the specific heat of a solid body is concerned, Einstein’s method, based on the assumption of a single characteristic oscillation of the atom, has been extended by M . Born and Th. von K ármán to the case of various characteristic oscillations, more in agreement with practice (24). By greatly simplifying the assumptions regarding the nature of the oscillations, P. Debye obtained a comparatively simple formula for the specific



1 1 0heat of a solid body (25). This not only corroborates, particu­larly for low temperatures, the experimental values obtained by W . Nernst and his school, but also is in good agreement with the elastic and optical properties of the body. Further, quantum effects are very noticeable when considering the specific heat of gases. W . Nernst had shown at an early stage (26) that the quantum of energy of an oscillation must correspond to the quantum of energy of a rotation, and accordingly expected that the energy of rotation of a gas molecule would decrease with temperature. A . Eucken’s measurements of the specific heat of hydrogen verified this deduction (27), and the fact that the calculations of A . Einstein and O . Stern, P. Ehrenfest, and others have not yet been in satisfactory agreement can be ascribed to our incomplete knowledge of the form of the hydrogen molecule. The work of N . Bjerrum, E. v. Bahr, H . Rubens, and G . Hettner, etc., on absorption bands in the infra­red rays, shows that there can be no doubt that the rotations of the gas molecules indicated by the quantum conditions do actually exist. However, no one has yet succeeded in giving a complete explanation of these remarkable rotations.Since all the affinity of a substance is ultimately bound up with its entropy, the theoretical calculation of entropy by means of quanta gives a method of attacking all problems in chemical affinity. Nernst’s chemical constant is a characteristic for the absolute value of the entropy of a gas. O . Sackur calculated this constant directly (28) by a combinatory method similar to my method with oscillators, while O . Stern and H . Tetrode, by careful examination of experimental data of evaporation, deter­mined the difference of the entropies of gaseous and non-gaseous substances (29).The cases considered so far deal with thermo-dynamical equilibrium, which only give statistical mean values for a number of particles and long periods of time. This observation of electronic impulses, however, leads directly to the dynamical details of the phenomena considered. The determination by J .  Franck and G . Hertz of the so-called resonance potential, or that critical velocity, the minimum velocity which an electron must have to bring about the emission of a quantum of light by



111collision with a neutral atom, is as direct a method of measuring the quantum of action as can be desired (30). Also, in the case of the characteristic radiation of the Röntgen spectrum discovered by C . G . Barkla, similar methods which gave very good results were developed by D. L . Webster, E. Wagner, and others.The liberation of quanta of light by electronic impulses is the converse of the emission of electrons by projection of light, Röntgen or Gamma rays, and here, again, the quanta o f energy determined from the quantum of action and the frequency of oscillations play a characteristic part in the same way as we have seen above, in that the velocity of the electrons emitted does not depend on the intensity of the radiation (31), but on the wave­length of the light emitted (32). From a quantitative point of view, also, Einstein’s relations for light quanta mentioned above have been verified in every way, particularly by R . A . Millikan, who determined the initial velocities of the emitted electrons(33) , while the significance of the light quantum in causing photo-chemical reactions has been made clear by E. Warburg(3 4).The results quoted above, collected from the most varied branches of physics, present an overwhelming case for the existence of the quantum of action, and the quantum hypothesis was put on a very firm foundation by Niels Bohr’s theory of the atom. This theory was destined, by means of the quantum of action, to open a door into the wonderland of spectroscopy, which had obstinately defied all investigators since the discovery of spectral analysis. Once the way was made clear, a mass of new knowledge was obtained concerning this branch of science, as well as allied branches of physics and chemistry. The first brilliant result was Balmer’s series for hydrogen and helium, including the reduction of the universal Rydberg constants to pure numbers (35), by which the small difference between hydrogen and helium was found to be due to the slower motion of the heavier atomic core. This led immediately to the investi­gation of other series in the optical and Röntgen spectra by means of Ritz’s useful combination principle, the fundamental meaning of which was now demonstrated for the first time.In the face of these numerous verifications (which could be



1 12considered as very strong proofs in view of the great accuracy of spectroscopic measurements), those who had looked on the problem as a game of chance were finally compelled to throw away all doubt when A . Sommerfeld showed that—by extend­ing the laws of distribution of quanta to systems with several degrees of freedom (and bearing in mind the variability of mass according to the theory of relativity)—an elegant formula follows which must, so far as can be determined by the most delicate measurements now possible (those of F. Paschen (36)), solve the riddle of the structure of hydrogen and helium spectra (37). This is an accomplishment in every way comparable with the famous discovery of the planet Neptune, whose existence and position had been calculated by Leverrier before it had been seen by human eye. Proceeding further along the same lines, P. Epstein succeeded in giving a complete explanation of the Stark effect of the electrical separation of the spectral lines (38), and P. Debye in giving a simple meaning to the K-series of the Röntgen spectrum, investigated by Manne Siegbahn (39). Moreover, there followed a large number of wider investiga­tions, which explained more or less successfully the mystery of the structure of the atom.In view of all these results— a complete explanation would involve the inclusion of many more well-known names—an unbiased critic must recognize that the quantum of action is a universal physical constant, the value of which has been found from several very different phenomena to be 6.54 x 10-27 ergs. secs. (40). It must seem a curious coincidence that at the time when the idea of general relativity is making headway and leading to unexpected results, Nature has revealed, at a point where it could be least foreseen, an absolute invariable unit, by means of which the magnitude of the action in a time space element can be represented by a definite number, devoid of ambiguity, thus eliminating the hitherto relative character.Yet no actual quantum theory has been formed by the intro­duction of the quantum of action. But perhaps this theory is not so far distant as the introduction of Maxwell’s light theory was from the discovery of the velocity of light by O la f Römer. The difficulties in the way of introducing the quantum of action into



113classical theory from the beginning have been mentioned above. As years have elapsed, these difficulties have increased rather than diminished, and although the impetuous advance of research has dealt with some of them, yet the inevitable gaps remaining in any extension are all the more painful to the con­scientious and systematic worker. That which serves as the foundation of the law of action in Bohr’s theory is made up of certain hypotheses which were flatly rejected, without any question, a generation ago by physicists. That quite definite orbits determined by quanta are a special feature of the atom may be considered admissible, but it is less easy to assume that the electrons, moving in these paths with a definite acceleration, radiate no energy. But that the quite sharply defined frequency of an emitted light quantum should be different from the fre­quency of the emitted electrons must seem, at first sight, to a physicist educated in the classical school, an almost unreason­able demand on his imagination.However, figures are decisive, and the conclusion is that things have been gradually reversed. At first a new foreign element was fitted into a structure, generally considered fixed, with as little change as possible; but now the intruder, after gaining a secure place for itself, has taken the offensive, and to-day it is almost certain that it will undermine the old struc­ture in some way or other. The question is at what place and to what degree this will happen.I f  a surmise be allowed as to the probable outcome of this struggle, everything seems to indicate that the great principles of thermo-dynamics, derived from the classical theory, will not only maintain their central position in the quantum theory, but will be greatly extended. The adiabatic hypothesis of P. Ehrenfest (41) plays the same part in the quantum theory as the original experiments played in the founding of classical thermo­dynamics. Just as R . Clausius introduced, as a basis for the measure of entropy, the theorem that any two conditions of a material system are transformable one to the other by reversible processes, so Bohr’s new ideas showed the corresponding way to explore the problems opened up by him.A  question, from the complete answer to which we may



114expect far-reaching explanations, is what becomes of the energy of a light quantum after perfect emission? Does it spread out, as it progresses, in all directions, as in Huygens’s wave theory, and while covering an ever-larger amount of space, diminish without limit? O r does it travel along as in Newton’s emanation theory like a projectile in one direction? In the first case the quantum could never concentrate its energy in a particular spot to enable it to liberate an electron from the atomic influences; in the second case we would have the com­plete triumph of Maxwell’s theory, and the continuity between static and dynamic fields must be sacrificed, and with it the present complete explanation of interference phenomena, which have been investigated in all details. Both these alternatives would have very unpleasant consequences for the modern physicist.In each case there can be no doubt that science will be able to overcome this serious dilemma, and that what seems now to be incompatible may later be regarded as most suitable on account of its harmony and simplicity. Until this goal is attained the problem of the quantum of action will not cease to stimulate research and to yield results, and the greater the difficulties opposed to its solution, the greater will be its significance for the extension and deepening of all our knowledge of physics.
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